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Abstract. We give a short overview of the notions of stochastic
and t-transitivity, and analyse corresponding transitivity properties
of reciprocal pairwise preference relations induced by parametrised
probability distributions on the set Sn of rankings/permutations on
{1, . . . , n}, including the Plackett-Luce, the Babington-Smith, and
the Mallows model.

Introduction
The analysis of ranking data has played an important role in various
fields of application, such as psychology and the social sciences [8],
and more recently also in machine learning [4]. In this regard, the
notion of transitivity is of often of specific interest. For example, in the
setting of preference-based multi-armed bandits [10, 3], consistency
assumptions such as transitivity of pairwise comparisons allow for
learning rankings of n alternatives efficiently. The aim of this paper is
to shed some light on the notion of transitivity in such settings.

We write [n] := {1, . . . , n} and call a map Q : [n] × [n]→[0, 1]
a reciprocal relation on [n] if qi,j := Q(i, j) = 1 − Q(j, i) holds
for every i, j ∈ [n]. We denote the set of reciprocal relations on [n]
by Qn and define different notions of transitivity for these in the
subsequent sections. Afterwards, we will in particular focus on the
transitivity of reciprocal relations of the type QP := (P(i � j))i,j
given by

P(i � j) :=
∑

σ∈Sn:σ(i)<σ(j)

P(σ)

for i < j and P(i � i) := 1
2

, wherein P is some probability distribu-
tion on Sn. Thus, qi,j is the probability that i precedes (is preferred
to) j in a ranking randomly drawn from P.

We start by introducing different notions of transitivity in Section
2 and then analyse three parametrised probability distributions with
regard to these transitivities in Section 3.

Generalised Transitivity
In this section, we recall two frameworks of generalised transitivity,
namely stochastic transitivity and t-transitivity.

Stochastic Transitivity
Given a symmetric function g : [ 1

2
, 1]2→[0, 1], which is increasing

in each component, some Q ∈ Qn is called g-stochastic transitive if

qi,j , qj,k ≥
1

2
⇒ qi,k ≥ g(qi,j , qj,k)

holds for all pairwise distinct i, j, k ∈ [n]. We write

Mn(g) := {Q ∈ Qn |Q is g-stochastic transitive}.
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As special types of transitivity we obtain

• strong stochastic transitivity with gsst(x, y) := max(x, y)
• moderate stochastic transitivity with gmst(x, y) := min(x, y)
• weak stochastic transitivity with gwst(x, y) := 1

2

• λ-stochastic transitivity for any λ ∈ (0, 1) with the function
gλ-st(x, y) := λmax(x, y) + (1− λ) min(x, y).

The inequalities gsst ≥ gλ-st ≥ gmst ≥ gwst directly imply

Mn(gsst) ⊂Mn(gλ-st) ⊂Mn(gmst) ⊂Mn(gwst).

t-transitivity
The notion of t-transitivity exists in the context of fuzzy logic: Given
a t-norm T , a reciprocal relation Q ∈ Qn is called T -transitive if for
all distinct i, j, k ∈ [n] the inequality

qi,k ≥ T (qi,j , qj,k)

holds. We write Mn(T ) := {Q ∈ Qn |Q is T -transitive}. Fre-
quently used t-norms in this setting (cf. [2]) include

• the minimum t-norm TM (x, y) := min(x, y),
• the product t-norm TP (x, y) := xy,
• the Lukasiewicz t-norm TL(x, y) := max(0, x+ y − 1).

For every t-norm T , we have T ≤ TM , which directly implies
Mn(TM ) ⊂Mn(T ).

Transitivity of Probability Models on Rankings
In [5] it has already been shown that QP is TL-transitive for every
probability distribution P on Sn. The other types of transitivity men-
tioned above depend on the particular choice of P. In the following,
we recall and analyse the Plackett-Luce, the Babington-Smith, and the
Mallows model.

The Plackett-Luce Model
The Plackett-Luce model [9, 6] is a family of probability distributions
on Sn, which is parametrised by some “skill parameter” v ∈ (0, 1)n

and defined as

PPL(v)(σ) :=

n∏
i=1

vσ(i)

vσ(i) + · · ·+ vσ(n)

(1)

for σ ∈ Sn. An induction over n yields that the marginals of PPL(v)

are given by
PPL(v)(i � j) =

vi
vi + vj

.

Using this identity we obtain the following result, wherein we use the
abbreviation QPL(v) := QPPL(v)

.



Proposition 3.1. (i) For every v ∈ (0,∞)n, the relation QPL(v)

is strongly stochastic transitive.
(ii) For every v ∈ (0,∞)n, the relation QPL(v) is TP -transitive.

In contrast to this, the Plackett-Luce model does not ensure TM -
transitivity in general, as the following example shows.

Example 3.2. QPL((5,2,1)) ∈ Q3 is not TM -transitive.

The Babington-Smith Model
The Babington-Smith model [1] is parametrised by

(
n
2

)
parameters

(πi,j)1≤i<j≤n, which we may extend to π := (πi,j)1≤i,j≤n with
πj,i = 1− πi,j , and assigns each σ ∈ Sn the probability

PBS(π)(σ) :=
1

C(π)

∏
1≤i<j≤n

π
Ii,j(σ)

i,j (1− πi,j)1−Ii,j(σ), (2)

wherein we use the notation Ii,j(σ) := 1{σ(i)<σ(j)} and choose
C(π) such that PBS(π)(Sn) = 1 holds. The transitivity ofQBS(π) :=

QPBS(π)

highly depends on these parameters, and the question arises
whether transitivity of π might imply some transitivity of QBS(π).
In [5] it has been proven that π ∈ Mn(gsst) suffices to ensure
QBS(π) ∈ Mn(gsst). The next proposition shows that this result
can not be expected to hold for any other of the above mentioned
types of stochastic transitivity.

Proposition 3.3. The mapping π 7→ QBS(π) does neither preserve
moderate nor weak nor λ-stochastic transitivity for any n ≥ 4. More
specifically, for each n ≥ 4, there is a λ(n) ∈ (0, 1) such that
λ-stochastic transitivity fails to hold for all λ ≤ λ(n).

Proof. We have

π =


0.5 0.88 0.92 9.7

0.5 0.51 0.515
0.5 0.55

0.5

 ∈M4(g0.125-st)

and a calculation shows QBS(π) 6∈M4(gwst), which proves the case
n = 4. Due to the continuity of the right-hand side of (2) in the
parameters πi,j , similar counterexamples can be constructed for the
case n ≥ 5. �

In the case n = 3, the distribution PBS(π) is fully determined by
the three parameters π1,2, π2,3 and π1,3, whence a straight-forward
approach including several case distinctions is reasonable and yields
the following result.

Proposition 3.4. For every g̃ ∈ {gwst, gλ-st, gmst} and π ∈ M3(g̃)
we have QBS(π) ∈M3(g̃).

In the context of t-transitivity, the next example shows that the
mapping π 7→ QBS(π) does neither preserve TP - nor TM -transitivity
in general.

Example 3.5. For π(1) and π(2) given by0.5 0.8519 0.9812
0.5 0.9056

0.5

 and

0.5 0.6495 0.8732
0.5 0.8732

0.5

 ,

respectively, we observe π(1) ∈M3(TP ) and QBS(π(1)) 6∈M3(TP )

as well as π(2) ∈M3(TM ) and QBS(π(2)) 6∈M3(TM ).

The Mallows Model
The Mallows model [7] is a two-parameter family of probability
distributions {PMal(θ,π)}θ∈(0,1),π∈Sn given by

PMal(θ,π)(σ) =
1

C(θ)
θ∆(σ,π) for σ ∈ Sn,

in which ∆(σ, π) is the Kendall distance (the number of pairwise
inversions between σ and π) and C(θ) a constant chosen such that
PMal(θ,π)(Sn) = 1 holds. Since the equality

∆(σ ◦ ν, π ◦ ν) = ∆(σ, ν)

holds for all ν ∈ Sn, and every type of transitivity mentioned
in Sections 2.1 and 2.2 is invariant under permuting the elements
according to ν (i.e., some Q ∈ Qn is transitive if and only if
(qν(i),ν(j))1≤i,j≤n is transitive), we may assume π = idSn with-
out loss of generality and simply write PMal(θ,n) := PMal(θ,idSn )

and QMal(θ,n) := QPMal(θ,n)

. Then we get for i < j that

PMal(θ,n)(i � j) = hθ(j − i+ 1)− hθ(j − i)

holds with hθ(k) := k
1−exp(−kθ) . Hence, PMal(θ,n)(i � j) only

depends on j − i but not on i or j itself, that is, the relation
(PMal(θ,n)(i � j))1≤i,j≤n has a Toeplitz structure and its entries
are increasing in every row. This structure is sufficient to prove the
following result.

Proposition 3.6. For every θ ∈ (0, 1) we have

QMal(θ,n) ∈M3(gsst) and QMal(θ,n) 6∈M3(TM ).

Conclusion
In this paper, we investigated some transitivity properties of the
Plackett-Luce, the Babington-Smith, and the Mallows model. We
have not analysed every type of transitivity for every model, for
example, we have not verified whether the Mallows model fulfills
TP -transitivity. Filling these gaps is left for future work. Furthermore,
it might be interesting to derive concrete conditions on the parameters
of the models for fulfilling different types of transitivity.
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