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Abstract. Constructing a model of a decision maker’s preferences
is a complex process requiring plenty of time and effort on their part.
The existing literature predominantly treats this topic in a one-shot
approach, whereas in practice, multiple interactions are required. Fur-
thermore, reducing the cognitive strain on the decision maker by ask-
ing them the most pertinent information is a challenge well worth
investigating. We explore in this paper the topic of incrementally
learning an outranking-based sorting model, MR-Sort, by proposing
several alternative generation strategies and studying their effect on
the model convergence using artificially constructed benchmarks.

1 Introduction
We consider in this article a decision situation, called multi-criteria
sorting or ordinal classification, in which a finite set of decision alter-
natives is evaluated on a finite set of criteria, and where the goal of a
decision maker (DM) is to assign each of these alternatives into pre-
defined ordered categories. We generally use a preference model to
do this, which can be based on either one of the following paradigms:
Multi-attribute Value Theory (MAVT) [13], the outranking approach
[24], or decision rules which can, for example, be inferred using a
dominance-based rough set approach [11].

We assume here that the decision maker uses the outranking
paradigm when comparing two alternatives. In other words, he/she
considers that an alternative a outranks an alternative b when a
weighted majority of criteria validates the fact that a is performing at
least as good as b and there is no criterion where b seriously outper-
forms a. The first condition is usually called concordance, whereas
the second one is called discordance or veto. Various implementa-
tions of these conditions, and their conjunction, have been proposed
in the literature (see, e.g., [25]).

In order to solve the sorting problem according to this outranking
paradigm, each alternative is compared to a set of predefined cate-
gory profiles according to the outranking relation, and assigned to
one of the categories according to an assignment rule. Again, dif-
ferent implementations of the category profiles (limit, central) and
the assignment rules (pessimistic, optimistic) can be found (see,
e.g., [10, 20, 24]).

In practice, a preference model needs to be tuned so that it accu-
rately reflects the DM’s preferences. A preference elicitation phase
is generally employed, in which an analyst and a DM interact in or-
der to fix the values for the preference parameters. Two preference
elicitation approaches may be identified: the direct approach, where
the DM, being knowledgeable of the preference model fixes directly
each model parameter, and the indirect approach, where holistic (or
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a posteriori) information is provided by the DM in order to infer the
model parameters (see e.g. [12]). The second approach is often used
in practice as real-life DMs do not necessarily have extensive knowl-
edge of preference modeling.

The large majority of the literature focuses on one-time use of
these elicitation approaches, whereas the matter of applying them
in reality involves multiple interactions with a decision maker. Fur-
thermore, even during an indirect elicitation process, the cognitive ef-
fort from the DM may be significant in order to reach to an accurate
representation of their perspective. Previous work on the progressive
elicitation of MAVT models has tackled, in part, the topic of choos-
ing the questions to ask the DM (see, e.g., [9, 5, 2]), however, to our
knowledge, very little has been done in the case of outranking-based
models.

In this paper, we focus on the incremental indirect elicitation of a
particular outranking-based sorting model, a simplified version of the
classical ELECTRE TRI method, sometimes called MR-Sort [14, 26].

The rest of the article is structured as follows. In Section 2 we start
by presenting the related work, followed by the proposed approach in
Section 3. Section 4 deals with the empirical validation based on nu-
merical simulations using generated data, while finally, we conclude
with several remarks and perspectives for future work in Section 5.

2 Majority-rule sorting models: state of the art

2.1 Majority-rule sorting

The model that this work is based on is a simplified version of the
ELECTRE TRI [10, 20, 24] method, MR-Sort [14, 26]. We begin
by first presenting this model, before switching to existing work on
parameter elicitation in this context.

Let us consider a finite set of alternatives A, a finite set of cri-
teria indexes J = {1, ...,m}, and a set of category limits B =
{b0, . . . bk}. Each alternative a ∈ A, or category limit bh ∈ B, is
evaluated on any criterion through a function gj : A∪B → R, where
gj(a) (j ∈ J) denotes the performance of the alternative a on crite-
rion gj . The alternatives are to be sorted into k categories (c1, . . . , ck),
ordered by their desirability, from c1 being the worst category to ck
being the best one. Each category ch is defined by the performances
of its lower frontier, or category limit, bh−1 and its upper frontier bh
of B. The performances of the b0 category limit will be fixed to the
worst possible evaluations on all criteria, so that any alternative may
be assigned at least to category c1, while the performances of the bk
category limit will be fixed so that they are better than the best possi-
ble evaluations on all criteria, hence any alternative will be assigned
at most to category ck. We assume, without loss of generality, that
the performances are supposed to be such that a higher value denotes



a better performance. Furthermore, the performances on the frontiers
are non-decreasing, i.e. ∀j ∈ J, h ∈ 1..k : gj(bh−1) ⩽ gj(bh).

Two rules to assign an alternative to a class may be found in litera-
ture, the pessimistic and the optimistic assignment rules, out of which
the first is the most commonly used. In this case, an alternative a is
assigned to the highest possible category ch such that a outranks the
category’s lower frontier bh−1. In the MR-Sort model, an alternative
a is said to outrank a frontier bh−1 if and only if there is a sufficient
coalition of criteria supporting the assertion “a is at least as good as
bh−1”. More precisely, binary relations Cj are first defined to assess
whether each criterion gj supports this statement:

∀j, a, h ∈ J×A×1..k+1 : Cj(a, bh−1) =

{
1, if gj(a) ⩾ gj(bh−1),
0, otherwise.

(1)
The coalition of criteria in favor of the outranking, ∀a ∈ A, h ∈
1..k + 1, which we denote with C(a, bh−1), is then defined as:

C(a, bh−1) =
∑
j∈J

wjCj(a, bh−1), (2)

where wj is the weight of criterion gj . The weights are defined so that
they are positive (wj ⩾ 0, ∀j ∈ J) and sum up to one (

∑
j∈J wj =

1). The coalition of criteria is compared to a majority threshold λ ∈
]0.5, 1] extracted from the DM’s preferences along with the weights.

Alternative a is said to outrank bh−1, i.e. aS bh−1 if C(a, bh−1) ⩾
l. If C(a, bh−1) < l, the coalition is not sufficient and so a does not
outrank bh−1, i.e. a ̸S bh−1.

To summarize, the assignment rule for MR-Sort is as follows:

a ∈ ch ⇐⇒ aS bh−1 ∧ a ̸S bh. (3)

In Table 1 we provide a simple illustrative example.

Table 1. Illustrative example for the MR-Sort assignment procedure.

λ = 1/2 w = (1/3, 1/3, 1/3) b1 = (1, 1, 1) b2 = (2, 2, 2)

A g1 g2 g3 ai S b0 ai ̸S b1 ai S b1 ai ̸S b2 ai S b2 ai ̸S b3 K

a1 2 2 0 3 7 3 7 3 3 c3
a2 2 1 0 3 7 3 3 7 3 c2
a3 2 0 0 3 3 7 3 3 3 c1

At the top we have the parameters of the sorting model, with 3 cri-
teria and 3 categories. The first parameter (λ) is the majority thresh-
old, followed by the vector of criteria weights (w) and two category
separating profiles (b1 and b2). Each criterion is defined on a scale
from 0 to 2. Below the parameters, we illustrate the assignment of
three alternatives using the assignment rule from Equation (3). In the
case of the first and last categories we have added two fictitious pro-
files in order to simplify the example. The lower category limit of the
worst category (b0) is considered to be always worse than all the al-
ternatives in A on every criterion, while the upper profile of the best
category (b3) is considered to be always better than all alternatives in
A on every criterion. The first alternative outranks both b1 and b2, as
it is at least as good as these profiles on the first two criteria, hence it
is assigned to the highest category. The second alternative is at least
as good as b1 on the first two criteria, but it is at least as good as b2
on only the first one, therefore it is assigned to the second category.
Finally, the last alternative is not at least as good as b1, nor b2, since it
is at least as good as them on only one out of the 3 criteria, therefore
it is placed in the bottom category.

2.2 Parameter elicitation of majority rule sorting

Several works have been previously proposed in order to infer the
parameters of outranking-based multi-criteria sorting models as an
alternative to directly eliciting them. Most of these results are linked
to ELECTRE TRI, but can be quite easily reused for MR-Sort.

In [19, 18, 21] it has been proposed to find the model parameters
through the use of assignment examples. More specifically, the deci-
sion maker is asked in a first step to assign a few well known alter-
natives to the predefined categories. Then, from these assignment ex-
amples, the model parameters are extracted using linear, mixed inte-
ger linear or non-linear programs. While the pessimistic assignment
procedure of ELECTRE TRI has been widely studied, the optimistic
assignment procedure has also received recent interest [28].

Other more robust approaches compute for each alternative a range
of possible categories to which they may be assigned when the pa-
rameters of the model are not completely determined [6, 7, 8]. Ap-
proaches that deal with inconsistent sets of assignment examples
leading to non existing preference model solutions have also been
explored in [17, 16].

In most cases, the approaches of inferring the parameters of
majority-rule sorting models use mathematical programming tech-
niques involving binary variables (e.g. in [14]). As these approaches
find the optimal solution, they may also require large amounts of
computational resources and time, making their use limited when
large sets of assignment examples are considered. Sobrie et al. [26]
have suggested to use a technique based on a metaheuristic to learn
the parameters of the sorting model, which has been adapted and
extended by Olteanu and Meyer [22] in order to additionally take
into account veto thresholds. More recently, population-based meta-
heuristics have been proposed for MR-Sort models with coalitional
veto [27].

When taking into account more complex models, containing large
performance differences, such as vetoes or dictators, exact elicita-
tion approaches have been proposed in [15]. While such approaches
become more and more accessible to the wide public through imple-
mentations into widely used software packages (e.g. [3]), the ques-
tion of how to apply them in practice is still open.

The large majority of the literature focuses on one-time use of
these elicitation approaches, whereas the matter of applying them
in reality involves multiple interactions with a decision maker. An
initial effort on combining multiple types of MR-Sort models within
a progressive elicitation protocol has been proposed in [23]. An ap-
proach based on incrementally choosing the elicitation alternatives
within an outranking-based paradigm, using a min-max regret ap-
proach, has also been studied in [1].

3 Progressive inference of majority-rule sorting
models

In this section we present the general strategy of progressively infer-
ring an MR-Sort model as well as multiple heuristics for generating
the alternatives that will be presented to the DM at each step (one by
one or in batches). We remind our motivation which is to select the
assignment examples in a way that minimizes the number of interac-
tions needed with the DM, while at the same time generating a model
that accurately reflects his/her perspective.

The main steps of this approach are presented in Algorithm 1.
We begin by initially generating a random set of alternatives (line

1) which are then assigned to categories by the DM (line 2). Using A
and K, a first MR-Sort model M is constructed (line 3) using an ex-



Algorithm 1 Progressive elicitation of MR-Sort models.
1: A← InitialAlternatives()
2: K ← Assignment(A)
3: M ← GenerateMRSortModel(A, K)
4: while not StoppingCondition() do
5: A

′
← GenerateAlternatives(A, K, M)

6: A← A ∪A
′

7: K
′
← Assignment(A

′
)

8: K ←K ∪K
′

9: M
′
← GenerateMRSortModel(A, K, M)

10: M ←M
′

act inference approach such as the one in [14]. A loop containing the
generation of an additional set of alternatives, their assignment by the
DM and the generation of a new model follows. The additional set
of alternatives may be generated using different strategies taking into
account, for instance, the previously assigned alternatives as well as
the currently generated model. The subsequent construction of the
updated model may also consider, in addition to the entire set of al-
ternatives and their assignments, the previously generated MR-Sort
model. The stopping condition governing this loop may consist in
reaching a given number of iterations, assignments, or by using more
complex approaches for computing convergence metrics.

Currently, during the model generation phase, we do not consider
the case where an MR-Sort model cannot be constructed, either due
to inconsistencies in the judgment of the DM or to the MR-Sort
model not being expressive enough in order to model these judg-
ments. In such cases, additional steps would need to be considered
such as in [17, 16, 23].

3.1 Assignment examples selection
We begin by presenting several strategies for generating at each step
of the protocol the alternatives that will be presented to the DM. We
do not consider the problem of choosing these alternatives from a
given set and motivate this as follows: while in practice all possible
criteria evaluations may not lead to feasible alternatives, generating
fictitious alternatives may be seen as a generalization of this case and
may be easily applied to such a context by searching, for example,
for the alternative that is closest to the generated one.

We assume, without loss of generality, that the alternatives are eval-
uated on [0, 1] interval scales, where higher values are preferred from
a decision perspective.

3.1.1 Random strategy (RND)

This strategy does not take into account any information given by the
previously assigned alternatives nor the previously generated MR-
Sort model, generating a new alternative x through randomly select-
ing the evaluations on each criterion.

gj(x) = random([0, 1]), ∀j ∈ J (4)

3.1.2 Non-dominated same category random strategy
(NDR)

This strategy is similar to the previous one, in that the evaluations of
the alternative X are randomly generated on each criterion. Neverthe-
less, the set of previously generated alternatives A and their category
assignments K are used in order to exclude alternatives that do not
offer any added-value to the learning process. These are alternatives

that are dominated and dominate alternatives that have been assigned
to the same category. In other words, assuming without loss of gener-
ality that a is evaluated on m criteria having the same [0, 1] interval
scales, we have:

gj(x)=random([0, 1]), ∀j∈J s.t. ̸ ∃ a, b ∈ A : K(a)=K(b) and

(gj(a)⩾gj(x)⩾gj(b), ∀j∈J) or (gj(b)⩾gj(x)⩾gj(a), ∀j∈J)
(5)

Figure 1. Illustrative example for the NDR strategy.

Figure 1 provides an illustrative example for this strategy, where
the randomly generated alternative x is rejected since it is bounded by
two other alternatives, a and b, which have been previously assigned
to category ch. Alternative x may only be assigned by the DM to
category ch, in this case, based on it’s five criteria evaluations.

3.1.3 Fixing limit profiles strategy (FLP)

This strategy considers both the alternatives as well as the model
generated during the previous iteration. The principle behind it con-
sists in constructing alternatives that are close to a particular category
limit in order to force the inference algorithm to move the category
limit above or below this alternative, or, if this is not possible, to
adjust the criteria weights.

We first define the sets of criteria corresponding to a minimal ma-
jority coalition based on the generated model M :

J+ = {J+ ⊆ J |
∑
j∈J+

wj ⩾ λ and ∀i ∈ J+,
∑

j∈J+−{i}

wj < λ}

(6)
Similarly, we define the maximal minority coalitions as:

J− = {J− ⊆ J |
∑
j∈J−

wj < λ and ∀i ∈ J−J−,
∑

j∈J−∪{i}

wj ⩾ λ}

(7)
Using J+, J− and the previously generated alternatives A we

now define two sets of alternatives for each category profile bh from
model M :

AJ+

h = {a ∈ A | gj(a) ⩾ gj(bh),∀j ∈ J+ and

gj(a) < gj(bh), ∀j ∈ J − J+},

∀h ∈ 1..k, ∀J+ ∈ J+ (8)



AJ−
h = {a ∈ A | gj(a) < gj(bh),∀j ∈ J− and

gj(a) ⩾ gj(bh), ∀j ∈ J − J−},

∀h ∈ 1..k, ∀J− ∈ J− (9)

AJ+

h contains alternatives that have been assigned to a category
above profile bh based solely on their evaluations on the minimal
majority coalition of criteria J+. AJ−

h contains alternatives that have
been assigned to a category below profile bh based solely on their
evaluations on the maximal minority coalition of criteria J−.

Using AJ+

h we now construct a new alternative, ∀h ∈ 1..k, ∀J+ ∈
J+, as follows:

gj(x) =


1
2
·
(

min
a∈AJ+

h
∪{bh+1}

(
gj(a)

)
+ g(bh)

)
, if j ∈ J+,

0 , otherwise.
∀j ∈ J

(10)

These alternatives come closer to profile bh on the set of criteria
J+ than any previous ones, while at the same time staying above
the profile. They would be assigned to category ch+1 if the criteria
weights and bh of model M corresponded to the actual preference
model of the DM.

Figure 2. Illustrative example for constructing an upper bound alternative
within the FLP strategy.

Figure 2 provides an illustrative example for this strategy, using
AJ+

h−1 = {a, b} and J+ = {3, 4, 5}. Since J+ is a minimal majority
coalition with respect to model M , alternatives a and b are assigned
to ch, since they are above bh−1 on these criteria, and above bh only
on a subset of J+. The upper brackets indicate a minimum upper
bound of evaluations on J+ for which, an alternative would certainly
be assigned to ch regardless of its evaluations on the other criteria,
provided that J+ is indeed a majority coalition with respect to the
“real” model of the DM. At the same time, the evaluations of bh−1

on J+ indicate a lower bound for evaluations that are considered
as part of category ch, as given by the previously generated model
M . Alternative x is constructed as the mean between these bounds,
with its evaluations on the remaining criteria being set to their lowest
possible values so that they do not play a role in how this alternative
will then be assigned by the DM.

Similarly, using AJ−
h we now construct a new alternative, ∀h ∈

1..k, ∀J− ∈ J−, as follows:

gj(x) =


1
2
·
(

max
a∈AJ−

h
∪{bh−1}

(
gj(a)

)
) + g(bh)

)
, if j ∈ J−,

1 , otherwise.
∀j ∈ J

(11)

These alternatives come closer to bh on the set of criteria J− than
any previous ones, while at the same time remaining below it. They
should be assigned to category ch if the criteria weights and bh of
model M corresponded to the actual preference model of the DM.

Figure 3. Illustrative example for constructing a lower bound alternative
within the FLP strategy.

Figure 3 provides an illustrative example for this strategy, using
AJ−

h = {a, b} and J− = {1, 2, 3}. Since J− is a maximal minority
coalition with respect to model M , alternatives a and b are assigned
to ch, since they are below bh on these criteria, and below bh−1 only
on a subset of J−. The brackets as before the bounds within which
a new alternative may be assigned to ch or ch+1, which we split in
two by constructing alternative x. Its evaluations on the remaining
criteria are set to their highest possible values so that they do not
play a role in how this alternative will then be assigned by the DM.

Following the construction of all these alternative, one for each
category profile (h ∈ 1..k− 1) and each element of the sets J+ and
J−, the selection strategy consists in picking one of them at random.
If a batch of alternatives needs to be selected, then we randomly se-
lect pairs of alternatives, one corresponding to J+ and one to J−,
for different values of h ∈ 1..k − 1. In this way, the evaluations of a
category profile are constrained from both below and above.

3.1.4 Fixing limit profiles central model strategy (FLP+)

This strategy is identical to the one above with one exception: the
MR-Sort model that is used in order to generate the alternatives is
initially refined so that it is centrally placed in the solution space
with respect to a distance measure that we define below.

Since the parameters of an MR-Sort model fall into two categories,
those determining which coalitions of criteria are deemed as suffi-
cient for an outranking relation (λ and w), and the category limit
profiles (B), we first define a distance measure for each of them.



We define dC as the distance between two sets of majority thresh-
olds (λ

′
and λ

′′
) and two sets of criteria weights (w

′
and w

′′
):

dC =
1

2m
·

∑
i∈1..m

∑
J
′∈(Ji)

dJ
′

C (12)

, where

dJ
′

C =


0 , if

∑
j∈J

′
w

′
j ⩾ λ

′
and

∑
j∈J

′
w

′′
j ⩾ λ

′′

or
∑

j∈J
′
w

′
j < λ

′
and

∑
j∈J

′
w

′′
j < λ

′′

1 , otherwise

(13)

This distance counts the number of criteria combinations that are
judged differently by the two models, i.e. the first model considers a
coalition insufficient and the second model considers it sufficient or
vice-versa. The measure is then brought to the [0, 1] interval.

We define dP as the L1 norm between two sets category limit pro-
files B

′
and B

′′
:

dB =
1

(k − 1) ·m ·
∑

h∈1..k−1

∑
j∈J

|gj(b
′
h)− gj(b

′′
h)| (14)

We have used an L1 norm, in this case, in order to be able use
linear programming approaches for finding the farthest two models
with respect to it.

We combine the two previously presented measures using a simple
arithmetic mean:

dB =
1

2
· (dC + dP ) (15)

The FLP+ strategy takes the assignment examples from the pre-
vious iteration in the protocol and first uses a mixed-integer linear
program in order to find the two MR-Sort models that satisfy these
assignments while at the same time have the largest dB distance be-
tween them. The mixed-integer linear program is illustrated in Ap-
pendix B. Then, a second mixed-integer linear program (Appendix C)
is used to find a third model that is at an equal distance between the
previous two models. This last model will then be used to generate
the alternatives for the current iteration.

4 Empirical validation
In this section we test the previously described strategies that are used
for incrementally inferring the parameters of an MR-Sort model.

4.1 Benchmarks construction
The experimental design presented in Fig. 4 was set up.

We begin by generating an initial MR-Sort model, denoted with
Mo. We start by fixing the majority threshold λ, which is randomly
generated within the ]0.5, 1] interval. The criteria weights wj , ∀j ∈
J are randomly generated within a ]0, 1[ interval scale using the ap-
proach of Butler et.al. [4]. In order to construct the set of category
profiles, bh, ∀h ∈ 1..k−1, for each criterion we generate k−1 values
in ]0, 1[ and assign them to each category profile in ascending order.

The second step consists in generating an initial training set of al-
ternatives (Ai, i = 0) of size nin, with the evaluations on each of
the m criteria generated randomly. Using the previously constructed
MR-Sort model, the assignments of the alternatives in Ai are gener-
ated, in the form of a set of category indexes, denoted with Ki.

Figure 4. Design of experiments.

An MR-Sort model Mi is then built using the provided assignment
examples by applying a mixed-integer linear program, which we il-
lustrate in Appendix A.

A larger set of alternatives, Ate, is also constructed in the same
way as A0 and used in conjunction with both the original model and
the inferred one in order to construct two sets of assignments. The
classification accuracy between them is then used to determine how
close the model Mi is with respect to the original model Mo.

Next, the training set of alternatives is updated using one of the
proposed strategies from Section 3. A fixed number of alternatives,
nst (as in step), is generated. For the last strategy, an additional step
of updating the model Mi is also employed using the mixed integer-
linear programs from Appendix B and C

4.2 Effect of assignment examples selection

We have generated 10 problem instances for each combination of
m = {3, 4} and k = {2, 3}. For each of these problem instances we
have then executed 50 times the protocol from Fig. 4.

We present in Figure 5 the results with respect to the classification
accuracy over the test set of the four proposed elicitation strategies.
We have used, in this case, an initial set of nin = 4 alternatives and a
step size of nst = 1. In other words, a single alternative is generated
and added to the training set during each subsequent iteration.

The standard deviations of the results in Figure 5 are omitted in
order to improve readability since these values are negligible. We
observe that in all cases, the FLP+ strategy comes first, followed by
FLP and NDR, which interchange depending on the class of problem
instance, and finally RND.

Given a desired 95% accuracy with respect to the original model
Mo, we also find the minimum number of assignment examples re-
quired to reach this level on average (at the bottom of each graph).
Values for other accuracy levels may also be easily extracted.
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Figure 5. Average classification accuracy on the test set and required number of assignment examples for reaching 95% classification accuracy.

The largest improvement compared to the classical RND strategy
represents the NDR strategy, where we find very large reductions
in the number of assignment examples that need to be presented to
the DM. For problems with three criteria and two categories we only
need 28 assignment examples for NDR, as opposed to 45 required by
RND. Similar large reductions can be found for m = 3 and k = 3
(32 fewer assignment examples), for m = 4 and k = 2 (21 fewer as-
signment examples) and for m = 4 and k = 3 (26 fewer examples).

The FLP strategy does not appear to provide additional benefits
when compared to NDR, except when coupled with the strategy of
updating the inferred model Mi, i.e. when it becomes strategy FLP+.

We have additionally repeated the same tests with the sole differ-
ence in the step size, nst = 4. We do not illustrate these results
since for the RND and NDR no difference in performance is ob-
served. The FLP and FLP+ strategies benefit, however, from small
improvements, with slightly more important ones for FLP. This may
be due to the fact that we alternate between alternatives that con-
strain a category profile from both below and above during the same
step, which is not the case when generating only one alternative per
step. Still, FLP does not surpass FLP+, although it comes close to it,

which may be an interesting aspect to consider in practice due to the
higher complexity of the latter approach.

4.3 Model convergence measures

We present here the evolution of the dB distance between the far-
thest two MR-Sort models that are consistent with the provided as-
signment examples, across the multiple iterations of the proposed
approach. This measure may serve as an indicator for the size of the
MR-Sort model search space and may therefore be used as a conver-
gence indicator.

Figure 6 shows the average value of dB for all of the previously
considered test instances. The standard deviations, in this case too,
are insignificant with respect to the relative differences between the
different proposed strategies, and are therefore omitted in order to
improve readability.

We observe that there is a clear correlation between this measure
and the classification accuracy presented in the previous subsection,
indicating that with the reduction in the size of the search space (seen
as a decrease in dB), the inferred MR-Sort models get closer, or in
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Figure 6. Average dB distance for each alternative generation strategy.

other words converge, towards the “real” models of the DM (seen as
an increase in the classification accuracy over the test sets).

Consistently, the RND strategy has the highest average values for
dB , followed by NDR and then FLP and FLP+. We notice, however,
that the differences in dB between the latter two strategies become
less important when considering problems with more criteria or cat-
egories. There also does not appear to be a clear value for dB which
would indicate a given level of closeness with respect to the originally
generated model, and as such, additional investigation is needed.

5 Conclusions and perspectives
In this paper we have presented several strategies for constructing
alternatives during the incremental elicitation of an MR-Sort model.
Our goal was find a strategy that allows us to significantly lower the
amount of information required from the DM in order to reduce their
cognitive strain during this difficult process. We have additionally
provided required algorithms in the form of mathematical programs
in order to support this process in practice.

While this work is only the start of a much larger endeavor, it
shows promising results, with the proposed strategies consistently
outperforming the classical and widely used approach of randomly
generating the alternatives that are to be presented to a DM.

For the moment, due to the computational complexity of the math-
ematical programs and the incremental nature of the elicitation pro-
cess, the empirical test were carried out on problem instance of a
more modest size. We aim to extend these results to larger problem in-
stances, coupled with the development of metaheuristic algorithms in
place of the exact ones proposed here. An analysis of the computation
time as well as a study on the evolution of the three proposed distance
measures as indicators for model convergence will be included in a
future work. Linking these measures to the proposed strategies, and
potentially others, is another interesting perspective that may provide
insights into guaranteeing a certain level of improvement in model
convergence from one iteration to another.

We would also like to consider additional strategies, such as order-
ing the upper and lower bound generated alternatives based on their
predicted ability to reduce the model search space. Extending this
work to more complex MR-Sort models containing veto and/or dic-
tator profiles, as well as developing protocols combining several of
them, is also envisaged.
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[5] K. Ciomek, M. Kadziński, and T. Tervonen, ‘Heuristics for selecting
pair-wise elicitation questions in multiple criteria choice problems’, Eu-
ropean Journal of Operational Research, 262(2), 693–707, (2017).

[6] L.C. Dias and J.N. Clímaco, ‘On computing ELECTRE’s credibility
indices under partial information’, Journal of Multi-Criteria Decision
Analysis, 8(2), 74–92, (1999).

[7] L.C. Dias and J.N. Clímaco, ‘ELECTRE TRI for groups with impre-
cise information on parameter values’, Group Decision and Negotia-
tion, 9(5), 355–377, (September 2000).

[8] L.C. Dias, V. Mousseau, J. Figueira, and J.N. Clímaco, ‘An aggrega-
tion/disaggregation approach to obtain robust conclusions with ELEC-
TRE TRI’, European Journal of Operational Research, 138(2), 332–
348, (April 2002).

[9] I. N. Durbach, ‘The use of the SMAA acceptability index in descriptive
decision analysis’, European Journal of Operational Research, 196(3),
1229–1237, (2009).

[10] J. Figueira, V. Mousseau, and B. Roy, ‘ELECTRE methods’, in Multiple
Criteria Decision Analysis: State of the Art Surveys, eds., J. Figueira,
S. Greco, and M. Ehrgott, 133–162, Springer Verlag, Boston, Dor-
drecht, London, (2005).

[11] S. Greco, B. Matarazzo, and R. Słowiński, ‘A new rough set approach to
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A MILP for inferring an MR-Sort model

Below we present the mixed integer linear program for inferring an
MR-Sort model from a set of assignment examples.

Parameters:
A, J, k,M, γ
gj(a) ∈ [0, 1] ∀a ∈ A, ∀j ∈ J
K(a) ∈ {1, ..., k} ∀a ∈ A

The parameters consist in the set of alternatives A, the criteria J ,
the number of categories k, a big constant M and a small one γ used
to model the linear constraints. The alternatives evaluations follow,
as well as their category assignments.

Variables:
λ
wj ∈ [0, 1] ∀j ∈ J
gj(bh) ∈ {0, ..., k + 1} ∀j ∈ J
C+

j (a), C−
j (a) ∈ {0, 1} ∀a ∈ A, ∀j ∈ J

W+
j (a),W−

j (a) ∈ [0, 1] ∀a ∈ A, ∀j ∈ J

The first variables are the model parameters that we wish to in-
fer (λ, w and B). The C variables represent the local concordance
indexes between an alternative and the the upper and lower profiles
of the category to which it is assigned. The W variables are used
in order to calculate the weighted sum, i.e. the global concordance
indexes.

Objective:
maximize 0

No objective function is specified. We are simply interested in find-
ing an MR-Sort model that satisfies the provided assignment exam-
ples.

Constraints:∑
j∈J

wj = 1

gj(b0) = 0 ∀j ∈ J
gj(bk+1) ∀j ∈ J
gj(bh) ⩽ gj(bh+1) ∀j ∈ J , ∀h ∈ 0..k
gj(a)−gj(bK(a)) + γ ⩽ C+

j (a) ·M ∀a ∈ A, ∀j ∈ J

(C+
j (a)−1) ·M ⩽ gj(a)−gj(bK(a)) ∀a ∈ A, ∀j ∈ J

gj(a)−gj(bK(a)−1) + γ ⩽ C−
j (a) ·M ∀a ∈ A, ∀j ∈ J

(C−
j (a)−1) ·M ⩽ gj(a)−gj(bK(a)−1) ∀a ∈ A, ∀j ∈ J



W+
j (a) ⩽ wj ∀a ∈ A, ∀j ∈ J

W+
j (a) ⩽ C+

j (a) ∀a ∈ A, ∀j ∈ J

C+
j (a) + wj−1 ⩽ W+

j (a) ∀a ∈ A′, ∀j ∈ J

W−
j (a) ⩽ wj ∀a ∈ A, ∀j ∈ J

W−
j (a) ⩽ C−

j (a) ∀a ∈ A, ∀j ∈ J

C−
j (a) + wj−1 ⩽ W−

j (a) ∀a ∈ A, ∀j ∈ J∑
j∈J

W+
j (a) + γ ⩽ λ ∀a ∈ A

λ ⩽
∑
j∈J

W−
j (a) ∀a ∈ A

The first constraint fixes the sum of the weights to 1, while the
following two are needed to fix the bottom and top category profiles.
These profiles are not in the MR-Sort model and are simply there to
simplify the constraints. Next we have the constraint imposing the
dominance between the category profiles.

The following 4 constraints are used to extract the local concor-
dance indexes, both with respect to the upper and lower profile of
the class to which an alternative is assigned. The 6 constraints that
follow assign to W+

j (a) (resp. W−
j (a)) the value 0 if C+

j (a) = 0

(resp. C−
j (a) = 0) and wj otherwise. The final two constraints im-

pose that a does not outrank the upper profile of its category and that
it outranks its lower one.

B MILP for finding the farthest two MR-Sort
models w.r.t. dB

Parameters:
A, J, k, n,M, γ

gj(a) ∈ [0, 1] ∀a, j ∈ A×J
K(a) ∈ {1, ..., k} ∀a ∈ A
Coali,j ∈ {0, 1} ∀i, j ∈ 1..n×J

Compared to the previous program, we have two new parameters:
n the size of the powerset of criteria and Coali,j , a matrix of binary
representations of these powersets (1 if a criterion is included and 0
otherwise).

Variables:
λl ∀l ∈ {1, 2}
wl,j ∈ [0, 1] ∀j, l ∈ J×{1, 2}
gj(bl,h) ∈ {0, ..., k + 1} ∀j, l ∈ J×{1, 2}
C+

l,j(a), C
−
l,j(a) ∈ {0, 1} ∀a, j, l ∈ A×J×{1, 2}

W+
l,j(a),W

−
l,j(a) ∈ [0, 1] ∀a, j, l ∈ A×J×{1, 2}

xl,i ∈ {0, 1} ∀i ∈ 1..n×{1, 2}
yi ∈ {0, 1} ∀i ∈ 1..n
dh,j ∈ [0, 1] ∀h, j ∈ 1..k−1×J
th,j ∈ {0, 1} ∀h, j ∈ 1..k−1×J

The model variables have been duplicated through the use of a new
index, l ∈ {1, 2}, as we are looking for two MR-Sort models. The
local concordance and weighted local concordance related variables
have also been duplicated in this way. We additionally have added
several variables that will be needed to compute the two distance
measures (dC and bP ) between the models. yi will be set to 0 if both
models consider the ith element in the powerset of J as a sufficient
or insufficient coalition, and 0 otherwise. dh,j is the absolute value
of the difference on criterion j between the profiles at level h from
both models.

Objective:
maximize 1

n

∑
i∈1..n

yi +
∑

h∈1..k−1

∑
j∈J

dh,j

An objective has been added, in the form of the sum of the two dis-
tance measures dC and dP , which thus forms dB . We do not divide
this value by 2, as for a mixed-integer linear program, this does not
change its output at all.

Constraints:∑
j∈J

wl,j = 1 ∀l ∈ {1, 2}

gj(bl,0) = 0 ∀j, l ∈ J×{1, 2}
gj(bl,k+1) ∀j, l ∈ J×{1, 2}
gj(bl,h) ⩽ gj(bl,h+1) ∀j, h, l ∈ J×0..k×{1, 2}
gj(a)−gj(bl,K(a)) + γ ⩽ C+

l,j(a) ·M ∀a, j, l ∈ A×J×{1, 2}
(C+

l,j(a)−1) ·M ⩽ gj(a)−gj(bl,K(a)) ∀a, j, l ∈ A×J×{1, 2}
gj(a)−gj(bl,K(a)−1) + γ ⩽ C−

l,j(a) ·M ∀a, j, l ∈ A×J×{1, 2}
(C−

l,j(a)−1) ·M ⩽ gj(a)−gj(bl,K(a)−1) ∀a, j, l ∈ A×J×{1, 2}
W+

l,j(a) ⩽ wl,j ∀a, j, l ∈ A×J×{1, 2}
W+

l,j(a) ⩽ C+
l,j(a) ∀a, j, l ∈ A×J×{1, 2}

C+
l,j(a) + wl,j−1 ⩽ W+

l,j(a) ∀a, j, l ∈ A×J×{1, 2}
W−

l,j(a) ⩽ wl,j ∀a, j, l ∈ A×J×{1, 2}
W−

l,j(a) ⩽ C−
l,j(a) ∀a, j, l ∈ A×J×{1, 2}

C−
l,j(a) + wl,j−1 ⩽ W−

l,j(a) ∀a, j, l ∈ A×J×{1, 2}∑
j∈J

W+
l,j(a) + γ ⩽ λl ∀a ∈ A

λl ⩽
∑
j∈J

W−
l,j(a) ∀a, l ∈ A×{1, 2}

λl−(1−xl,i) ⩽
∑
j∈J

Coali,j · wl,j ∀i, l ∈ 1..n×{1, 2}∑
j∈J

Coali,j · wl,j ⩽ λl + xl,i ∀i, l ∈ 1..n×{1, 2}

yi ⩽ x1,i + x2,i ∀i ∈ {1, ..., n}
x1,i−x2,i ⩽ yi ∀i ∈ 1..n
x2,i−x1,i ⩽ yi ∀i ∈ 1..n
yi ⩽ 2−x1,i−x2,i ∀i ∈ 1..n
dh,j ⩽ gj(b1,h)−gj(b2,h) +M · th,j ∀h, j ∈ 1..k−1×J
dh,j ⩽ gj(b2,h)−gj(b1,h) +M · (1−th,j) ∀h, j ∈ 1..k − 1×J
gj(b1,h)−gj(b2,h)−M · th,j ⩽ dh,j ∀h, j ∈ 1..k−1×J
gj(b2,h)−gj(b1,h)−M · (1−th,j) ⩽ dh,j ∀h, j ∈ 1..k−1×J

The first 16 constraints are identical to those from the first mixed-
integer linear program, except that they have been duplicated for the
two models. They force the two models to assign the alternatives as
indicated by the DM. The two constraints that follow are used to set
the x variables to 1 if a model considers the ith set of criteria to be
sufficient, and 0 otherwise. Then we compute y through 4 constraints
that model an XOR logical operation between two corresponding x
variables. Finally, the last 4 constraints are used to set d variables to
the absolute distance between the values of two corresponding pro-
files from the two models on each criterion, aided by the t binary vari-
ables which act as on-off switches between each pair of constraints.

C MILP for an MR-Sort model at equal distance
between two others w.r.t. dB

Parameters:
A, J, k, n,M, γ

gj(a) ∈ [0, 1] ∀a, j ∈ A×J
K(a) ∈ {1, ..., k} ∀a ∈ A
Coali,j ∈ {0, 1} ∀i, j ∈ 1..n×J
λl ∀l ∈ {1, 2}
wl,j ∈ [0, 1] ∀j, l ∈ J×{1, 2}
gj(bl,h) ∈ {0, ..., k + 1} ∀j, l ∈ J×{1, 2}

The parameters of this program now contain, in addition to the
ones from the previous program, two sets of parameters correspond-



ing to the two models that we have previously identified as the far-
thest with respect to the dB distance measure.

Variables:
λ
wj ∈ [0, 1] ∀j ∈ J
gj(bh) ∈ {0, ..., k + 1} ∀j ∈ J
C+

j (a), C−
j (a) ∈ {0, 1} ∀a, j ∈ A×J

W+
j (a),W−

j (a) ∈ [0, 1] ∀a, j ∈ A×J
xl,i ∈ {0, 1} ∀i, l ∈ 1..n×1..3
yl,i ∈ {0, 1} ∀i, l ∈ 1..n×{1, 2}
dl,h,j ∈ [0, 1] ∀h, j, l ∈ 1..k−1×J×{1, 2}
tl,h,j ∈ {0, 1} ∀h, j, l ∈ 1..k−1×J×{1, 2}
δC , δP , u, v ∈ [0, 1]

The variables now contain only one set of model parameters and
the corresponding local and weighted local concordance variables.
The x, y, t and d variables are also present, except that they are more
in number in order to account for the fact that we now need to com-
pare one model to two others. δC , δP are used to compute the differ-
ence between the model we are trying to build and the ones that were
constructed before. The u and v variables are used as on-off switches
in order to only keep positive values for the distance measures.

Objective:

minimize

∑
l∈{1,2}

∑
i∈1..n

yl,i

2·n + δC +

∑
l∈{1,2}

∑
h∈1..k−1

∑
j∈J

dl,h,j

2·m·(k−1)
+ δP

Minimizing δC , δP would output a model that is equally spaced
between the two limit models. We furthermore need to also mini-
mize the distances between the limit models and the model we are
currently building in order to ensure that it is centrally placed within
the search space.

Constraints:∑
j∈J

wj = 1

gj(b0) = 0 ∀j ∈ J
gj(bk+1) ∀j ∈ J
gj(bh) ⩽ gj(bh+1) ∀j, h ∈ J×0..k
gj(a)−gj(bK(a)) + γ ⩽ C+

j (a) ·M ∀a ∈ A, ∀j ∈ J

(C+
j (a)− 1) ·M ⩽ gj(a)−gj(bK(a)) ∀a, j ∈ A×J

gj(a)−gj(bK(a)−1) + γ ⩽ C−
j (a) ·M ∀a, j ∈ A×J

(C−
j (a)−1) ·M ⩽ gj(a)−gj(bK(a)−1) ∀a, j ∈ A×J

W+
j (a) ⩽ wj ∀a, j ∈ A×J

W+
j (a) ⩽ C+

j (a) ∀a, j ∈ A×J
C+

j (a) + wj−1 ⩽ W+
j (a) ∀a, j ∈ A×J

W−
j (a) ⩽ wj ∀a, j ∈ A×J

W−
j (a) ⩽ C−

j (a) ∀a, j ∈ A×J
C−

j (a) + wj−1 ⩽ W−
j (a) ∀a, j ∈ A×J∑

j∈J

W+
j (a) + γ ⩽ λ ∀a ∈ A

λ ⩽
∑
j∈J

W−
j (a) ∀a ∈ A

λl−(1−xl,i) ⩽
∑
j∈J

Coali,j · wl,j ∀i, l ∈ 1..n×{1, 2}∑
j∈J

Coali,j · wl,j ⩽ λl + xl,i ∀i, l ∈ 1..n×{1, 2}

λ−(1−x3,i) ⩽
∑
j∈J

Coali,j · wj ∀i ∈ 1..n∑
j∈J

Coali,j · wj ⩽ λl + x3,i ∀i ∈ 1..n

yl,i ⩽ xl,i + x3,i ∀i, l ∈ 1..n×{1, 2}
xl,i−x2,i ⩽ yl,i ∀i, l ∈ 1..n×{1, 2}
x3,i−xl,i ⩽ yl,i ∀i, l ∈ 1..n×{1, 2}
yl,i ⩽ 2−xl,i−x3,i ∀i, l ∈ 1..n×{1, 2}

δC ⩽ 1
n
·

∑
i∈1..n

(y1,i−y2,i) +M · u

δC ⩽ 1
n
·

∑
i∈1..n

(y2,i−y1,i) +M · (1−u)
1
n
·

∑
i∈1..n

(y1,i−y2,i)−M · u ⩽ δC

dl,h,j ⩽ gj(bl,h)−gj(bh) +M · tl,h,j ∀h, j ∈ 1..k−1×J
∀l ∈ {1, 2}

dl,h,j ⩽ gj(bh)−gj(bl,h) +M · (1−tl,h,j) ∀h, j ∈ 1..k−1×J
∀l ∈ {1, 2}

gj(bl,h)−gj(bh)−M · tl,h,j ⩽ dl,h,j ∀h, j ∈ 1..k−1×J
∀l ∈ {1, 2}

gj(bh)−gj(bl,h)−M · (1−tl,h,j) ⩽ dl,h,j ∀h, j ∈ 1..k−1×J
∀l ∈ {1, 2}

δP ⩽
∑

h∈1..k−1

∑
j∈J

(d1,h,j−d2,h,j)

m·(k−1) +M · v

δP ⩽
∑

h∈1..k−1

∑
j∈J

(d2,h,j−d1,h,j)

m·(k−1) +M · (1−v)∑
h∈1..k−1

∑
j∈J

(d1,h,j−d2,h,j)

m·(k−1) −M · v ⩽ δP∑
h∈1..k−1

∑
j∈J

(d2,h,j−d1,h,j)

m·(k−1) −M · (1−v) ⩽ δP

The first 16 constraints are identical to the first mixed-integer lin-
ear program and serve to force the model to assign the alternatives as
provided by the assignment examples.

The following 8 constraints are identical to the ones from Annex B
related to identifying which coalitions of criteria are treated in the
same way by two models (either both sufficient or both insufficient),
however, we do this with respect to the model that we try to construct
(which we have indexed with l = 3 when using x) and each of the
two we have constructed in Annex B.

The next 3 constraints, however, are new, and are needed to com-
pute the difference between the dC distance between the current
model and the prior two.

Finally, the following 4 constraints calculate the distances between
the category limits of the current model and the prior two on each cri-
terion, with the last 4 constraints computing the difference between
the dP distances.


