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Abstract. In this paper, we have studied the problem of
defining an aggregation function that is both easy to under-
stand/explain and powerful enough to capture subtle decision
strategies. The weighted sum and the ordered-weighted average
are two simple and easy to understand aggregation functions,
but with limited modelling power. They represent two orthog-
onal decision strategies: the importance of criteria for the first
one and the rank orders for the second one. The question
we address in this paper is the following one: is it possible
to combine the expressive power of these two aggregation
functions, while having a resulting aggregation function that
remains very simple to understand? The solution is considered
in the family of Choquet integrals. Our approach consists in
formalizing this problem as a convex optimization problem,
where the constraints are semantics assigned on the criteria
weights and rank weights, and the cost function measures the
specificity (entropy) of the solution. We provide the analytical
solution to this problem and interpret its expression.

1 Introduction
There is a vast diversity of aggregation functions aiming to
cover specific needs in different fields such as Multi-Criteria
Decision Aiding (MCDA), Information Fusion, Classification,
Social Choice among many others. In MCDA, aggregation
functions represent the preferences of a decision maker con-
cerning alternatives defined on several criteria. Usually, the
identification of the right decision model follows from two
stages: one first determines the suitable class of aggregation
functions (e.g. the family of weighted sums), and then the
parameters of the model (e.g. the weights in the weighted
sum) are derived from learning data. The choice of the class of
aggregation functions to be used, is governed by two conflict-
ing principles. Firstly, the decision maker may express subtle
decision strategies. Rich decision models are then required to
represent these strategies. An example of such strategies is
the presence of a veto criterion, or intolerance among crite-
ria. These behaviors characterize the presence of interaction
among criteria. The Choquet integral is a very versatile class
of aggregation functions able to capture interacting criteria
[4, 6]. According to the first principle, the richer the model the
better. The second principle states that the decision model
should be understandable to the user. This is complied with
simple models such as the Weighted Sum (WS), or the Or-
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dered Weighted Average (OWA) which recommendation can
be easily grasped by a decision maker. We note that these
two aggregation functions are particular cases of the Choquet
integral. According to the second principle, the simpler the
model the better.

It is very complex to find aggregation functions which are
good regarding these two principles. For instance, the WS is
the most widely used model in MCDA, due to its simplicity.
It is only based on criteria weights composed on n values,
representing the importance of each criterion, where n is the
number of criteria. The recommendations obtained by such a
model can be explained in an intuitive way [9, 2, 12]. However,
its modelling power is very limited as it cannot represent
any kind of interaction among criteria. The OWA operator is
another example of function that can also be easily explained
to a user. Its parameters are composed of rank weights with
n components. The main practical interest of these weights
is that they can be interpreted as a quantifier [36, 33]. It
can model interacting criteria but all criteria are treated in
a symmetric way. The WS and OWA operators satisfy the
second principle but not the first one. On the opposite side, the
Choquet integral w.r.t. a general capacity offers a tremendous
versatility at the price of an exponential number of parameters
– namely 2n. The interpretation of a capacity is not easy in
practice and its elicitation requires a significant amount of
time.

There exist several intermediate models between the simple
WS or OWA, and a general Choquet integral. The two-additive
capacity can model the importance of criteria and interaction
among only pairs of criteria, which yields n(n+1)

2 parameters.
One needs then elaborate elicitation techniques due to this
relative large number of parameters [22, 21, 5].

Another class of intermediate models combine the benefits
of the WS and OWA operators, by using as parameters two
weight vectors: weights p on criteria and weights w on ranks.
There exist several proposals based on these two weight vec-
tors: the Weighted OWA (WOWA) operator [31], the Hybrid
Weighted Averaging (HWA) operator [32], the Semi-Uninorm
OWA (SUOWA) operator [15], and the Ordered Weighted Av-
eraging Weighted Average (OWAWA) operator [23]. HWA has
a simple expression but fails to fulfil basic important properties
in MCDA, such as idempotency. For this reason, HWA is not
suitable in the context of MCDA. OWAWA is a simple linear
combination of WS and OWA, and its interpretation is not so
intuitive. On the other hand, WOWA and SUOWA operators
have a quite complex expression, which is not intuitive for a
decision maker. Moreover, the two weights vectors p and w are



combined in a way that is difficult to understand. At the end,
one cannot readily see what is the contribution of p and w in
the formula. Hence these proposals fail to satisfy the second
principle on understandability.

In a previous paper [13], we proposed a new approach to
define aggregation functions based on two weight vectors,
that is understandable to the user. A key requirement is to
make sure that the two weight vectors p and w have a clear
semantics in the aggregation function. The existing approaches
first define an aggregation formula parametrized by w and p,
and then analyze their properties. We proceed in the opposite
way. The idea is to consider a general capacity and impose
some linear constraints to ensure clear interpretation of p and
w.

Given the semantics of the two weights p and w represented
as linear constraints, the aim of this paper is to identify a
unique capacity. To this end, we adopt an elicitation approach.
We indeed search for the least specific capacity fulfilling these
constraints. This amounts to maximizing the entropy. When
the monotonicity conditions are not saturated, we are able
to show that there is a unique solution to this problem and
to find the analytical expression of this solution. It is simply
the weighted sum plus the OWA operator minus the aver-
age. In order to obtain an interpretable model, we rewrite
this expression by removing the minus term. The so-obtained
expression is simple and intuitive and can be used as an ag-
gregation model to be learned from a training dataset. This
paper provides thus a formal justification of this model.

2 Background

The set of criteria is denoted by N = {1, . . . , n}. We are
interested in an aggregation function H : IRN → IR.

2.1 Background on the Choquet integral

2.1.1 Capacities and Choquet integral

In order to generalize the weighted sum model, one may assign
weights not only to single criteria but also to each subset of
criteria.

Definition 1. A game on N = {1, . . . , n} is a set function
µ : 2N → [0, 1] such that µ(∅) = 0.

Let GN be the set of games on N .

Definition 2. A capacity (also called fuzzy measure) on N
is a game such that [3, 29]

• boundary condition: µ(N) = 1,
• monotonicity: ∀A ⊆ B ⊆ N , µ(A) ≤ µ(B).

Let MN be the set of all capacities on N .
Several interesting particular cases of a capacity can be

described.

Definition 3. A capacity is said to be additive if µ(A∩B) =
µ(A) + µ(B) for every pair (A,B) of disjoint coalitions. A
capacity is said to be symmetric if µ(A) depends only on the
cardinality of A.

The Choquet integral of a = (a1, . . . , an) ∈ IRn w.r.t. a
capacity µ is defined by the following expression [3] :

Cµ(a1, . . . , an) =
n∑
i=1

aσ(i) ×
[
µ ({σ(i), · · · , σ(n)})

− µ ({σ(i+ 1), · · · , σ(n)})
]
, (1)

where σ is a permutation on N such that aσ(1) ≤ aσ(2) ≤
· · · ≤ aσ(n), and µ ({σ(i+ 1), · · · , σ(n)}) := 0 when i = n.
The Choquet integral has been proved to be able to model
both the importance of criteria and the interaction between
criteria.

The weighted sum is given by

WSp(a) =
∑
i∈N

pi ai

where p = (p1, . . . , pn) is the weight of criteria. It corresponds
to a Choquet integral with respect to an additive capacity:
µWSp (S) =

∑
i∈S pi.

The Ordered Weighted Average (OWA) is defined by for any
a ∈ IRN [34, 36]

OWAw(a) =
n∑
j=1

wj aσ(n−j+1)

where wj are the weights allotted to the jth largest value of
vector a. It corresponds to a Choquet integral with respect to
a symmetric capacity: µOWAw (S) =

∑|S|
j=1 wj .

2.1.2 Shapley value
It is not easy to interpret in a synthetic way a capacity, as it
contains 2n parameters. The most importance index helping
to interpret a capacity is the concept of mean importance,
defined as the Shapley value of the capacity [28]

φi(µ) =
∑

S⊆N\{i}

|S|!(n− |S| − 1)!
n! (µ(S ∪ {i})− µ(S))

2.1.3 Index of tolerance and intolerance
Capacities – more specifically belief functions which are in-
finitely monotone capacities – are used in decision under uncer-
tainty to represent the attitude of the decision maker towards
risk or uncertainty. A very classical strategy depicted by Ells-
berg’s paradox is risk aversion. The counterpart of risk aversion
in MCDA is the concept of intolerance. Roughly speaking, a
decision maker is intolerant if one needs to be good on most
of criteria to have a good overall evaluation [19]. Marichal
introduced tolerance and intolerance indices to formalize this
idea [20].

Vetos and favors are situations of extreme intolerance and
tolerance respectively. Criterion i is said to be a veto (resp. a
favor) if Cµ(a) = 0 (resp. Cµ(a) = 1) whenever ai = 0 (resp.
ai = 1) [4]. In other word, a bad evaluation on a veto criterion
cannot be compensated by the other criteria. The concept of a
veto can be generalized to subsets of cardinality k: A Choquet
integral Cµ (or equivalently its underlying capacity µ) is at
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most k-intolerant if Cµ(a) = 0 whenever aσ(k) = 0 [19]. It is
k-intolerant if, in addition, Cµ(a) 6= 0 for some aσ(k−1) = 0.
One can prove that Cµ is at most k-intolerant if and only
if µ(A) = 0, ∀A ⊆ N with |A| ≤ n − k [19]. The index of
k-intolerance is the mean value of Cµ(a) over all a such that
aσ(k) = 0 [20]:

intolk(µ) = n− k + 1
(n− k)

(
n
k

) ∑
K⊆N
|K|=k

E(Cµ(0K , Z−K))

where E denotes expectation, assuming that the random inputs
Z1, . . . , Zn are independent and uniformly distributed. This
gives:

intolk(µ) = 1− 1
n− k

n−k∑
t=0

1(
n
t

) ∑
T⊆N
|T |=t

µ(T ).

Likewise, a Choquet integral Cµ is at most k-tolerant if
Cµ(a) = 1 whenever aσ(n−k+1) = 1 [19]. The index of k-
tolerance is the mean value of Cµ(a) over all a such that
aσ(n−k+1) = 1 [20]:

tolk(µ) = n− k + 1
(n− k)

(
n
k

) ∑
K⊆N
|K|=k

E(Cµ(1K , Z−k))− 1
n− k ,

This gives:

tolk(µ) = 1
n− k

n∑
t=k

1(
n
t

) ∑
T⊆N
|T |=t

µ(T )− 1
n− k .

2.2 Existing proposals based on two weight
vectors

We describe in this section the existing proposals based on two
weight vectors: the criteria weights p and the rank weights w.

2.2.1 Wished properties

We start by giving some important properties that the ag-
gregation function H : IRN → IR shall satisfy. The following
properties are taken from [7]:

• Continuity: H is continuous
• Idempotency: H(α, . . . , α) = α for every α
• Monotonicity: H is monotone
• Compensation: mini∈N ai ≤ H(a) ≤ maxi∈N ai. Note that

this property follows directly from Idempotency and Mono-
tonicity

Consider now an aggregation function Hp,w based on the
two weights p and w. The following property is wished:

• Generalization of WSp and OWAw [15]: One says that
Hp,w generalizes both the WS and OWA, if Hp,η = WSp
and Hη,w = OWAw, where η denotes the uniform vector
( 1
n
, . . . , 1

n
).

2.2.2 WOWA
Torra introduced an aggregation function based the crite-
ria weights p and the rank weights w. It is called Weighted
OWA (WOWA) operator [31]. It depends also on a quantifier
Q : [0, 1]→ [0, 1], which a non-decreasing function such that
Q(0) = 0 and Q(1) = 1. The quantifier Q is defined from rank
weights w in the following way [35, 36]

Q
(
k

n

)
−Q

(
k − 1
n

)
= wk, for k = 1, . . . , n.

The WOWA has the following expression:

WOWAQ
p,w(a) =

n∑
j=1

qj aτ(n−j+1)

where

qj = Q

(
j∑

k=1

pτ(n−k+1)

)
−Q

(
j−1∑
k=1

pτ(n−k+1)

)
A WOWA is particular case of a Choquet integral for the

following capacity

µWOWAQ
p,w

(S) = Q

(∑
i∈S

pi

)
.

2.2.3 SUOWA
Another aggregation function constructed from the two vectors
p and w has recently been proposed by Llamazares [15, 16].
Its definition is based a semi-uninorm and is thus called Semi-
Uninorm OWA operator (SUOWA in short). A semi-uninorm
is a mapping U : [0, 1]2 → [0, 1] if it is monotonic and possesses
a neutral element e ∈ [0, 1] (such that U(e, x) = U(x, e) = x
for every x).

Let us define a set function v by

v(S) = |S| U
(
µWSp (S)
|S| ,

µOWAw (S)
|S|

)
(2)

The factor 1
|S| comes from the fact that when p = η (resp.

w = η), µWSp (S)
|S| (resp. µOWAw (S)

|S| ) is independent of S and
is always equal to 1

n
. Hence property “generalization of WSp

and OWAw” is satisfied, if the neutral element is e = 1
n

.
The drawback with this expression is that it may be non-

monotone. Hence Llamazares considers the monotonic cover
of v:

µSUOWAU
p,w

(S) = max
T⊆S

v(T ).

The monotonic cover can be computed recursively [16]

µSUOWAU
p,w

(S) = max
(
v(S),max

i∈S
µSUOWAU

p,w
(S \ {i})

)
.

Then the SUOWA is the Choquet integral with respect to
µSUOWAU

p,w
.

Set-function v is bounded by 1 iff U ∈ Ũ
1
n , where Ũ 1

n is
the set of semi-uninorms with neutral element e = 1

n
such

that U( 1
k
, 1
k

) ≤ 1
k

for all k ∈ IN [16, Proposition 5]. In the
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context of MCDA, we will generally consider idempotent semi-
uninorms. They are necessarily elements in Ũ 1

n . There exists
in the literature many examples of semi-uninorms with neutral
element e = 1

n
[17]. Let us mention the following one:

UTL (x, y) =
{

max(x, y) if (x, y) ∈ [ 1
n
, 1]2,

max(x+ y − 1
n
, 0) otherwise

With this semi-uninorm, if mini∈N pi+min1≤j≤n wj ≥ 1
n

, and
for every 1 ≤ k ≤ n, either 1

k

∑
1≤j≤k wj ≤

1
n

or for all S ⊆ N
with |S| = k, 1

k

∑
i∈S pi ≤

1
n

, then

µ
SUOWA

UTL
p,w

(S) = µWSp (S) + µOWAw (S)− |S|
n

(3)

2.2.4 Other proposals
Other proposals based on two weights have been proposed in
the literature. The hybrid weighted averaging (HWA) amounts
to applying the OWA operator to the vector of the scores
multiplied by the corresponding criteria weights [32]. A very
close concept has been introduced by B. Roy, under the name
of Ordered Average with Two Weights (OA2W) – called MO2P
(Moyenne Ordonnée Doublement Pondérée) in French [25, 26].
The Ordered Weighted Averaging Weighted Average (OWAWA)
operator is simply a convex combination of a weighted sum
and an OWA operator [23].

2.3 Entropy of a capacity
The entropy is a well-known concept defined in information
theory. The Shannon entropy of a probability distribution with
probabilities p1, . . . , pn over n possible outcomes is defined by
[27]

HSh(p) :=
n∑
i=1

h(pi) ,

where h(u) = −u lnu with the convention 0 ln 0 := 0. In the
case of partial knowledge on the probabilities, the probability
distribution that is chosen is the one that maximizes the
entropy. A nice property of this maximization is that one gets
always a unique solution thanks to the convexity of the entropy
functional.

The concept of entropy has been extended to capacities. Let
Q(N) denote the set of maximal chains of the Hasse diagram(
2N ,⊆

)
. Recall that a maximal chain in

(
2N ,⊆

)
is a sequence

∅, {τ(1)} , {τ(1), τ(2)} , . . . , {τ(1), . . . , τ(n)} where τ is a per-
mutation of N . On each maximal chain, one can define the fol-
lowing probability distribution: pττ(i) = µ ({τ(i), . . . , τ(n)})−
µ ({τ(i+ 1), . . . , τ(n)}). The entropy of µ is then defined as
the mean value of the entropy of each maximal chain [18] :

ĤSh(µ) := 1
n!
∑
τ

HSh(pτ )

=
n∑
i=1

∑
A⊆N\{i}

γn|A|h (δiµ(A)) ,

where γnp = (n−p−1)!p!
n! and δiµ(A) := µ(A ∪ {i})− µ(A). The

problem of identifying a capacity can be solved by maximizing
the entropy of the capacity given some preference information.

Other entropy can be used. The Rényi entropy of a prob-
ability distribution is defined by 1

1−α log
(∑n

i=1 pi
α
)
, where

α > 0 is a parameter different from 1. For α = 2, we obtain
− log

(∑n

i=1 pi
2). We can simplify this expression to obtain a

quadratic function, taking h(u) = −u2 [10] :

Ĥ2
Re(µ) := −

n∑
i=1

∑
A⊆N\{i}

γn|A| (δiµ(A))2 .

Finally Kojadinovic’s variance is obtained by taking h(u) =(
u− 1

n

)2:

V̂ (µ) :=
n∑
i=1

∑
A⊆N\{i}

γn|A|

(
δiµ(A)− 1

n

)2
.

2.4 Estimation of a capacity under
incomplete information

One of the main issue in preference learning is the identifi-
cation of the capacity given some preference information. In
most of cases, the preference information takes the form of
pairwise comparisons between alternatives (ranking problem),
and assignment of alternatives to a class (sorting problem)

When the amount of input information is large, one can
adopt statistical machine learning techniques, such as ex-
tensions of logistic regression. A noticeable example is the
Choquistic regression [30].

When the input data is scarce, preference information is
usually represented as (possibly hard) constraints. One then
looks for a capacity fulfilling these constraints. We are now
under incomplete information in the sense that the preference
information is far from uniquely specifying the capacity. Sev-
eral strategies can be adopted to determine a unique capacity.
The first one consists in separating as much as possible the
training examples provided by the decision maker. This is the
approach considered in SVM. In [24, 5], when the decision
maker says that he prefers an alternative a to another alterna-
tive b, he will not be completely happy if the two options turn
out to have very close evaluations. One then seeks to maximize
the difference of score between these two alternatives. The
preference information are translated into constraints. These
latter?s define a polyhedron. Maximizing the difference of
score amounts to being as far as possible to the boundary
of the constraints, that is the facets of the polyhedron. This
approach amounts thus to looking for the midpoint in the
polyhedron. The most representative parameter vector is a
generalization of this approach [8].

Another venue is to find the capacity that is the least specific,
i.e. that maximizes the entropy [18, 10]. The objective here is
to have the simplest possible capacity fulfilling the preference
information. In particular, if there is an additive capacity
satisfying the preference information, then one shall find this.
This is the least commitment principle.

Depending on the application, one of these approaches shall
be chosen.

3 Definition of a capacity derived from two
weights

We are given two weight vectors: the criteria weights p =
(p1, . . . , pn), and the rank weights w = (w1, . . . , wn). As we
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have seen, a major problem with the existing proposals com-
bining these two weights vectors is about the interpretation of
the weights p and w.

The existing approaches first define an aggregation formula
parametrized by w and p, and then analyze their properties.
We proceed in the opposite way. We start by providing some
properties that we would like to have for an aggregation func-
tion based on the two weight vectors p and w. These properties
will be considered as constraints on the capacity µ. One ob-
tains thus a set of admissible capacities, among which one may
select a unique one, maximizing the entropy or minimizing
the variance.

The aim of this section is to provide a clear interpretation
of p and w, and derive constraints on the capacity from these
interpretations. Intuitively, the two vectors p and w are or-
thogonal in their interpretation, as p relates the importance of
criteria and w relates to the type of interaction among criteria.
This section is based on [13].

3.1 Constraints on p

The weight vector p represents the relative importance of
criteria in the weighted sum WSp. Coefficient is then the
importance of criterion i. To give a more precise interpretation
of pi, we can use the MACBETH approach [1]. In this approach,
the criteria weights cannot be defined independently of the
criteria scales. One thus needs to define two levels on each
criterion. We can use the two standard 0 and 1 levels – where
0 (resp. 1) means that criterion i is not met at all (resp.
completely satisfactory). The importance pi of criterion i is
then defined as the added-value on the overall score going
from the lower level 0 to the upper level 1 on criterion i, the
value on the other criteria being fixed – e.g. to 0:

pi = WSp(1i, 0−i)−WSp(0, . . . , 0). (4)

We note that the value on criteria N \ {i} can be changed to
any other value, with no consequence on the result. This is due
to the fact that all criteria are independent in the weighted
sum.

Let us now consider a capacity µ. Then parameter pi shall
be naturally interpreted as the mean importance of criteria i in
µ. There exists several generalizations of (4) to capacities. The
leading concept to interpret the mean importance of criteria
is the Shapley value. As a result, the Shapley value of µ shall
be equal to p:

∀i ∈ N φi(µ) = pi. (5)

The choice of the Shapley value comes from Cooperative
Game Theory. Relation (5) can also be justified taking a
variational standpoint. Indeed, the importance index of a
criterion should reflect to which extent criterion i influences
the overall score Cµ. This influence is naturally measured by
the amount of variation this criterion produces on Cµ. As
this influence is in general dependent on the value of the
other attributes N \ {i}, one shall take the average value over
these attributes. It has been shown that the mean value over
[0, 1]n of the partial derivative of the Choquet integral w.r.t.
variable i is equal to φi(µ) [7][sect. 10.3]. This provides another
justification of (5).

3.2 Constraints on w

The rank weight vector w that we wish to interpret, is the
parameter vector of the OWA operator OWAw. In an OWA
operator, all criteria are symmetric and have thus the same
importance. Hence w describe only the way criteria are inter-
acting together.

The ∗-intolerant indices depict interaction among criteria,
and are not dependent on a particular pair or subset of criteria
– unlike the interaction indices. Hence the k-intolerant index
might be suitable to interpret the weights w. In order to check
this, let compute the k-intolerant index on the OWA operator
OWAw:

intolk(µOWAw ) = 1− 1
n− k

n−k∑
t=0

1(
n
t

) ∑
T⊆N
|T |=t

µOWAw (T )

= 1− 1
n− k

n−k∑
t=0

t∑
j=1

wj = 1− 1
n− k

n−k∑
t=1

t wt.

There is a clear relation between the k-intolerant index and the
value of the n− k first values in the weight vector w. However,
this relation is not so trivial, and it will not be convenient as
a constraint.

An essential property of the weights w is the following
[14]: OWAw(1S , 0N\S) = w1 + w2 + · · · + ws for any S ⊆ N
with |S| = s. This property generalizes relation (4) which
is at the root of the MACBETH approach. We note that
OWAw(1S , 0N\S) is equal to the OWA capacity µOWAw at
S. In order to generalize this property to a non-symmetric
capacity, we just need to replace OWAw(1S , 0N\S) by the
average value of µ(S) over all subset of cardinality s. This
corresponds to the term 1

(n
t)
∑

T⊆N
|T |=t

µ(T ) =: At(µ) in the

expression of intolk. There is a simple linear relation between
the ∗-intolerant indices and the A∗ indices:

intol1(µ) = 1− 1
n− 1

n−1∑
t=1

At(µ)

· · ·

intolk(µ) = 1− 1
n− k

n−k∑
t=1

At(µ)

· · ·
intoln−1(µ) = 1−A1(µ)

Enforcing constraints on the ∗-intolerant indices or on the A∗
indices is completely equivalent. Due to the simple relations
At(µOWAw ) =

∑t

j=1 wj , we choose to interpret the weights w
from the A indices. Note that At(µ) is the average value of an
alternative being very good on t criteria and very bad on the
remaining ones.

Hence we obtain the following constraints for the interpre-
tation of the w order weights:

∀s ∈ {1, . . . , n− 1} 1(
n
s

) ∑
S⊆N : |S|=s

µ(S) =
s∑

k=1

wk. (6)

Note that the equation with s = n has been removed as it is
trivially satisfied for every capacity.
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4 Formal definition of a simple aggregation
function based on criteria and rank
weights

This section proposes to define a simple aggregation function
based on criteria and rank weights as an optimization problem.
The optimization problem is described in Section 4.1. Then
the analytical solution to this problem is found in Section 4.3.
Finally an interpretation of this solution is proposed in Section
4.4.

4.1 Set of admissible capacities
In sum, the capacities that provide a clear interpretation of
the two weight vectors p and w are the ones that fulfil both
(5) and (6).

We note that neither WOWA nor SUOWA satisfy these
properties in the general case.

We note that the n relations in (5) are not independent, as∑n

k=1 pk = 1. It is sufficient to consider only n − 1 of them.
It is easier to have only independent inequalities. W.l.o.g. we
remove the last one and we set N = {1, . . . , n− 1}. Given the
previous interpretation of p and w, we consider all capacities
fulfilling (5) and (6):

MN (p, w) :=
{
µ ∈MN :

∀i ∈ N
∑

S⊆N\{i}

|S|!(n− |S| − 1)!
n! (µ(S ∪ {i})− µ(S)) = pi,

∀s ∈ {1, . . . , n− 1} 1(
n
s

) ∑
S⊆N : |S|=s

µ(S) =
s∑

k=1

wk

}
.

Any capacity in this set is admissible.

4.2 Finding the less specific admissible
capacity

The question that now arises is which capacity within
MN (p, w) shall be chosen. Following Section 2.4, two ap-
proaches can be adopted.

The first one is to separate as much as possible the preference
information or consider the most representative parameter
vector. We note thatMN (p, w) is the set of capacities fulfilling
a number of equality constraints. Hence, it is not possible to
further separate the constraint. The only remaining possiility
is to separate the monotonicity conditions in MN (p, w). This
means that we would like to maximize the difference µ(S ∪
{i}) − µ(S) for every i ∈ N and every S ⊆ N \ {i}. There
is objectively no reason to do so. As a reminder, the initial
motivation of [24, 5] is that when the decision maker expresses
that an alternative is preferred to another one, he expects some
significant difference between these two differences. But in the
context of MN (p, w), the decision maker does not expect any
separation of the monotonicity conditions. We then look at
the second approach to select an element in MN (p, w).

When the available preference information is very sparse, a
safe way to use this information is to consider the least specific
model that fulfils this information. This has led to the least
commitment principle aiming at maximizing the entropy. In
the context of the Choquet integral, Kojadinovic et al have

proposed either to maximize the entropy [11] or to minimize
the variance [10].

In the context of the double weights p and w, we aim thus
at finding the element in MN (p, w) which maximizes some
entropy. We rewrite here as the minimization of a quantity∑

i∈N

∑
S⊆N\{i}

|S|!(n−|S|−1)!
n! E(µ(S ∪{i})−µ(S)), where E

is the opposite of some entropy.
This yields the following convex optimization problem under

linear constraints:

Minimize
∑
i∈N

∑
S⊆N\{i}

|S|!(n− |S| − 1)!
n! E(µ(S ∪ {i})− µ(S))

under ∀i ∈ N ∀S ⊆ N \ {i} µ(S ∪ {i}) ≥ µ(S)
∀i ∈ N∑

S⊆N\{i}
|S|!(n−|S|−1)!

n! (µ(S ∪ {i})− µ(S)) = pi

∀s ∈ {1, . . . , n− 1}
1

(n
s)
∑

S⊆N : |S|=s µ(S) =
∑s

k=1 wk

(7)
where

E(u) = u ln(u) for the Shannon entropy
E(u) = u2 for the Renyi entropy with α = 2

E(u) =
(
u− 1

n

)2
for the variance

This problem is a convex optimization problem under linear
constraints.

4.3 Main result
Optimization problem (7) can be very complex due to the
numerous constraints. We wish in this section to provide the
analytical solution. In the general case, the analytical solution
cannot be done and one must use an optimization algorithm.
In order to be able to provide an analytical solution, we assume
that the monotonicity conditions are not saturated, i.e. that
the capacity is strictly monotone. This yields to the following
problem.

Minimize
∑
i∈N

∑
S⊆N\{i}

|S|!(n− |S| − 1)!
n! E(µ(S ∪ {i})− µ(S))

under ∀i ∈ N ∀S ⊆ N \ {i} µ(S ∪ {i}) > µ(S)
∀i ∈ N∑

S⊆N\{i}
|S|!(n−|S|−1)!

n! (µ(S ∪ {i})− µ(S)) = pi

∀s ∈ {1, . . . , n− 1}
1

(n
s)
∑

S⊆N : |S|=s µ(S) =
∑s

k=1 wk

(8)
The following result gives the expression of the solution to

this problem when E is taken as the variance.

Proposition 1. Consider the optimization problem (7), in
which the variance is used for E. Assume furthermore that the
inequality constraints are not saturated in (7) (we obtain thus
(8)). Then there is a unique solution to this problem, which
corresponds to the following aggregation function:

WSp + OWAw −AM, (9)

where AM(a) =
∑

i∈N
ai

n
.
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The proof of this result is omitted due to space limitation.
Aggregation function (9) is a Choquet integral w.r.t. to the

following capacity:

µ(S) = µWSp (S) + µOWAw (S)− µAM(S) (10)

=
∑
i∈S

pi +
|S|∑
k=1

wk −
|S|
n

(11)

for all S ⊆ N . We note that this corresponds to (3) and is
thus a particular case of a SUOWA operator.

4.4 Interpretation of the solution
We denote by Hp,w the aggregation function (9) obtained in
the main result of this paper.

Parameters p and w satisfy the normalization conditions:

∀i ∈ N pi ≥ 0 and
∑
k∈N

pk = 1, (12)

∀i ∈ N wi ≥ 0 and
∑
k∈N

wk = 1. (13)

Let us now check whether (9) satisfies the conditions of Sec-
tion 2.2.1. Let us start with the monotonicity conditions. We
have that µ(S ∪ {i}) = H(1S∪{i}, 0−S∪{i}) =

∑
j∈S∪{i} pj +∑s+1

k=1 wk −
s+1
n

and µ(S) = H(1S , 0−S) =
∑

j∈S pj +∑s

k=1 wk−
s
n

. Thus µ(S∪{i})−µ(S) = H(1S∪{i}, 0−S∪{i})−
H(1S , 0−S) = pi + ws+1 − 1

n
. As a result, the monotonicity

conditions are fulfilled with (9) iff

min
i∈N

pi + min
k∈N

wk ≥
1
n
. (14)

Moreover, (9) is clearly continuous, idempotent and compen-
satory. Lastly (9) generalizes WSp and OWAw as Hp,η = WSp
and Hη,w = OWAw. Hence all conditions of Section 2.2.1 are
fulfilled under condition (14).

Let us now discuss on the interpretation of (9). Even though
(9) is composed of three aggregation functions WSp, OWAw

and AM, which are individually very simple to understand,
the overall expression is not so simple as it contains a negative
term, which is not so simple to explain. The reason is that it
violates monotonicity.

We wish to rewrite (9) with only non-negative terms. We
define parameters vp = (vp1 , . . . , vpn) and vw = (vw1 , . . . , vwn )
such that

∀i ∈ N vpi ≥ 0 and vwi ≥ 0, (15)∑
k∈N

vpk +
∑
k∈N

vwk = 1. (16)

We define

Avp,vw (a) =
∑
i∈N

vpi ai +
∑
i∈N

vwi aτ(ni+1).

The next result shows that models Hp,η and Avp,vw are equiv-
alent.

Proposition 2. For every p, w satisfying (12), (13) and (14),
there exists vp and vw satisfying (15) and (16) such that
Hp,η ≡ Avp,vw . Conversely for every vp and vw satisfying
(15) and (16), there exists p, w satisfying (12), (13) and (14)
such that Hp,η ≡ Avp,vw .

Proof : Consider p, w satisfying (12), (13) and (14). Let
p := mini∈N pi, w := mini∈N wi and ∆ := p+w− 1

n
. We have

∆ ≥ 0 by (14).
We set vpi := pi − p+ ∆

2 and vwi := wi − w + ∆
2 . Then

Avp,vw (a) =
∑
i∈N

vpi ai +
∑
i∈N

vwi aτ(n−i+1)

=
∑
i∈N

pi ai +
∑
i∈N

wi aτ(n−i+1) + (∆− p− w)
∑
i∈N

ai

= Hp,η(a).

On the other hand, as ∆ ≥ 0, relation (15) is fulfilled. Finally,∑
k∈N v

p
k+
∑

k∈N v
w
k =

∑
k∈N pk+

∑
k∈N wk+n(∆−p−w) =

1. Hence (16) is satisfied.

Conversely, let vp and vw satisfying (15) and (16). We set
pi = vpi + 1

n

∑
k∈N v

w
k and wi = vwi + 1

n

∑
k∈N v

p
k. Then

Hp,η(a) =
∑
i∈N

pi ai +
∑
i∈N

wi aτ(n−i+1) −
1
n

∑
i∈N

ai

=
∑
i∈N

vpi ai +
∑
i∈N

vwi aτ(n−i+1)

+

(
1
n

∑
i∈N

vpi + 1
n

∑
i∈N

vwi −
1
n

)∑
i∈N

ai

= Avp,vw (a).

On the other hand, pi ≥ 0 and wi ≥ 0. Moreover,
∑

i∈N pi =∑
i∈N v

p
i +

∑
k∈N v

w
k = 1 and

∑
i∈N wi =

∑
i∈N v

w
i +∑

k∈N v
p
k = 1. Finally,

pi + wk −
1
n

= vci + vwk + 1
n

∑
j∈N

vpj + 1
n

∑
j∈N

vwj −
1
n

= vci + vwk ≥ 0

Hence p, w satisfy (12), (13) and (14).

Aggregation function Avp,vw is very simple to interpret and
understand.

Example 1. For p = (0.1, 0.1, 0.1, 0.1, 0.6) and w =
(0.1, 0.1, 0.1, 0.1, 0.6), monotonicity condition (14) is fulfilled.
Moreover, Hp,w can be rewritten as Hp,w(a) = 0.5a5 +0.5aτ(1).

Following p and w, the emphasis is put on criterion 5 and
also in the best satisfied criteria. This is recovered by the
previous expression. No other term than a5 and aτ(1) appear
in H as the monotonicity condition are saturated.

If values 0.6 are decreased in p and w, other terms will
appear.

5 Conclusion
In this paper, we have studied the problem of defining an
aggregation function that is both easy to understand/explain
and powerful enough to capture subtle decision strategies.
Our starting point is to generalize both the weighted sum
and the OWA, characterized by their parameters – namely
the criteria weights and the rank weights. We consider the
family of Choquet integrals and we aim at looking for a simple
capacity define from criteria and rank weights. We look at this
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problem as an optimization problem. The constraints are the
monotonicity conditions on the capacity and conditions on
the weights. More precisely, the Shapley value of the capacity
shall be equal to the criteria weights, and the rank weights
shall be derived from the intolerance indices. The optimization
functional is some kind of entropy as we look for the simplest
and thus less specific capacity. We are especially interested in
the case where the monotonicity constraints are not saturated
and the objective function of the variance of the capacity.
We are thus able to show that the so-obtained optimization
problem has a unique solution. We can derive the analytical
expression of the unique solution: it is equal to the weighted
sum of the criteria weights plus the OWA of the rank weights
minus the average. Lastly we can rewrite this aggregation
functions to make it simple to understand, getting rid of the
minus term. We simply obtain a weighted sum plus an OWA
operator, where the sum of all their coefficients sum-up to one.
This paper can be seen as a formal justification of this latter
aggregation model.

The model obtained in the main result is very simple to
understand. The price to pay is that it is much less versatile
than a general Choquet integral. Its representation power
is anyhow sufficient when the decision maker only provides
importance and rank order weights.
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