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Abstract. In the literature, few research has been done with respect
to the problem of capacity identification in the multilinear model. In
this paper, we provide a preliminary investigation of a supervised
approach and also future perspectives to deal with this problem.

1 Introduction
A typical problem in Multiattribute Utility Theory (MAUT) [6] is
to model preference relations among a set of alternatives xj =
(x1,j , x2,j , . . . , xm,j), j = 1, . . . , n, evaluated according to a set
C of m criteria. Suppose that the evaluation of each alternative xj
with respect to the criterion i is given by the value function ui(xi,j).
Moreover, consider that the global evaluation of alternative xj is
given by the overall value function U(xj) = F (u(xj)), where
u(xj) = (u1(x1,j), . . . , um(xm,j)) and F (·) is an aggregation func-
tion [5]. Therefore, the aim in MAUT is to find a function F (·) that
represents the preference relation � of the decision maker:

xj � xj′ ⇔ U(xj) ≥ U(xj′), ∀j, j′ = 1, . . . , n, (1)

where � indicates that xj is at least as good as xj′ . From now on, for
simplicity of notation, we refer to ui(xi,j) as ui,j .

The definition of F (·) depends on the hypotheses about the de-
cision problem. For instance, if one assumes a mutual preferential
independence [6] among criteria, one may use an additive function,
such as the Weighted Arithmetic Mean (WAM) [5], given by

FWAM (u(xj)) =

m∑
i=1

wiui,j , (2)

where the weight wi (wi ≥ 0,
∑m
i=1 wi = 1) represents the im-

portance of criterion i in the decision problem. However, the inde-
pendence assumption does not hold in several practical situations.
Therefore, it becomes necessary to apply an aggregation function that
takes into account the interaction among criteria, such as the Cho-
quet integral [2] and the multilinear model [8]. In order to perform
the desired interaction, both approaches use a set function [5] (more
precisely, a capacity [2]), which is generally determined through a
capacity identification method.

Several optimization approaches in the literature deal with the ca-
pacity identification problem in the context of Choquet integral [4].
However, one does not find the same references for the multilinear
model. Therefore, this paper provides a preliminary discussion on
the capacity identification problem with respect to this method. More
precisely, we formulate the addressed optimization problem in a su-
pervised fashion and perform numerical experiments to verify our
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proposal. Moreover, we discuss our ongoing works, which comprise
the use of regularization terms and a non-supervised approach.

2 The multilinear model
The multilinear model [8] is an approach that uses a polynomial
aggregation of the criteria evaluations. It is defined as follows:

FML(xj) =
∑
A⊆C

µ(A)
∏
i∈A

ui,j
∏
i∈A

(1− ui,j) , (3)

where ui,j ∈ [0, 1], A is the complement set of A and µ : 2C → < is
a set function satisfying the axioms (i) µ(∅) = 0, (ii) µ(C) = 1 and
(iii) if A ⊆ B ⊆ C, µ(A) ≤ µ(B) ≤ µ(C), i.e. µ is a capacity [5].

In order to illustrate the application of this method, consider a deci-
sion problem with 4 alternatives and 2 criteria, both with equal impor-
tance and to be maximized. Figure 1 illustrates this scenario. It is clear
that x1 and x4 are the worst and the best alternatives, respectively.
Therefore, one may consider that F (u(x1)) = 0 and F (u(x4)) = 1
for any F (·). Moreover, due to monotonicity, F (u(x1)) ≤ F (u(xj))
and F (u(x4)) ≥ F (u(xj)) for all j. In this situation, different deci-
sion makers may have the following opinions:

• Opinion 1: Since both x2 and x3 have an evaluation equals to 0,
they are as bad as x1, i.e. F (u(xj)) = 0, ∀j = 1, 2, 3. Therefore,
an alternative xj is satisfactory if both evaluations are satisfactory
(positive interaction among criteria).

• Opinion 2: Since both x2 and x3 have an evaluation equals to 1,
they are as good as x4, i.e. F (u(xj)) = 0, ∀j = 2, 3, 4. Therefore,
in order to an alternative xj be satisfactory, it is sufficient that one
evaluation be satisfactory (negative interaction among criteria).

• Opinion 3: Since both x2 and x3 satisfy one criterion, they are
better than x1, but worse than x4. In this case, there are no in-
teraction among criteria and the importance of an alternative is
approximately the sum of the importance of each criterion.

𝑢1(𝑥1,𝑗)

𝑢2(𝑥2,𝑗)

0

0

1

1

𝐱1

𝐱2

𝐱3

𝐱4

Figure 1. Evaluations of alternatives.



Clearly, WAM satisfies only opinion 3 (with, w1 = w2 = 0.5).
However, if we consider the multilinear model (with µ({1, 2}) = 1),
all the opinions may be satisfied. For instance, one satisfies opinions
1, 2 and 3 with µ({1}) = µ({2}) equal to 0, 1 and 0.5, respectively.

3 Capacity identification - Supervised approach
Section 2 presented an example with only 2 unknown capacity coeffi-
cients5, which could be easily identified. However, in scenarios with
more criteria, this task becomes difficult. Therefore, an optimization
procedure is generally used to perform capacity identification.

In this section, we formulate the optimization problem. For instance,
consider a supervised approach whose aim is to minimize the mean
squared error between the obtained evaluations FML(u(xj)) and the
desired ones y(u(xj)), given by

n∑
j=1

(FML(u(xj))− y(u(xj)))2 . (4)

One may represent this cost function in terms of vectors
and matrices. In this case, consider the set of capacities
µ = [µ(∅), µ({1}), . . . , µ({1, . . .}), . . . , µ(C)]T in lexico-
graphic representation, the set of desired evaluation y =
[y(u(x1)), y(u(x2)), . . . , y(u(xn))]

T and the following matrix:

P =



∏
i∈C

(1− ui,1) . . .
∏
i∈C

(1− ui,n)∏
i∈{1}

ui,1
∏

i∈{1}
(1− ui,1) . . .

∏
i∈{1}

ui,n
∏

i∈{1}
(1− ui,n)

...
. . .

...∏
i∈C

ui,1 . . .
∏
i∈C

ui,n


.

The optimization problem, in a quadratic form, can be represented by

min
µ

1

2
µTQµ+ vTµ+yTy ≡ min

µ

1

2
µTQµ+ vTµ

Subject to constraints on µ

(5)

where Q = 2PPT and v = −2Py. The constraints on µ guarantees
that the axioms of the capacity be satisfied (see Section 2).

4 Numerical experiment
This section presents a numerical experiment that verifies the appli-
cation of the quadratic model to retrieve the capacity coefficients.
For instance, we consider decision problems with m = 3, 4, 5 or 6
criteria and with a number of training data varying from 1 to 120. As
performance index, we calculate the mean squared error

ε =
1

2m − 2

∑
A∈C,A 6=∅,A6=C

(µ(A)− µ̂(A))2 , (6)

where µ is the capacity used to obtain y(u(xj)) and µ̂ is the retrieved
one. Figure 2 presents the obtained results (averaged over 50 simula-
tions). It is worth mentioned that we randomly generated both µ and
u(xj).

One may note that, for m = 3, 4, 5 and 6 criteria, ε ≈ 0 when the
number of learning data is greater than 6, 15, 43 and 110, respectively.
If one has a lower number of training data, the problem is ill-posed,
and the retrieved capacity are not necessarily the desired one.

5 Note that the number of unknown capacity coefficients is equal to 2m − 2,
since µ(∅) = 0 and µ(C) = 1.

Figure 2. Mean squared error for different number of training data.

5 A supervised approach with regularization
Since (5) may be ill-posed, one may use a regularization term
to perform capacity identification. For instance, [1] and [7] ap-
ply the `1-norm to retrieve the Choquet integral parameters. Sim-
ilarly to [7], our future work consists in the application of
this regularization term in the Banzhaf interaction index IB =
[IB(∅), IB({1}), . . . , IB({1, . . .}), . . . , IB(C)]T [5], which leads
to the simplest multilinear model whose capacity tends to be additive.
Therefore, one may represent the optimization problem by

min
IB

1

2
ITBQ

′IB + v′T IB + λ ‖IB‖1

Subject to constraints on IB ,

(7)

where λ is a constant, Q′ = STQS, v′ = STv and S is the transfor-
mation matrix from IB to µ, i.e. µ = SIB .

6 Conclusions and future perspectives
This paper verifies the application of the multilinear model to perform
interaction among criteria and investigates the capacity identification
problem. Our preliminary results indicates that, if the number of train-
ing data is not enough, one should consider more information about
the decision problem to retrieve the correct capacity. Future works
comprise the application of regularization terms in the optimization
problem, as described in Section 5. Moreover, we also aim at devel-
oping a non-supervised method that is able to estimate the capacity
of a multilinear model without any training data. In this context, our
ongoing work consists the application of an approach inspired by [3],
which takes into account the covariance matrix of the decision data.
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