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Abstract. In the era of big data, analyzing and extracting knowl-
edge from large-scale data sets to support better decision making
constitutes an interesting but challenging task. The sizesof such data
sets exceed the processing capabilities of existing multiple criteria
sorting (MCS) methods in terms of the required time and memory
consumption. In this paper, we propose a scalable decision-making
approach based on the MapReduce framework, in order to address
the MCS problem with large sets of alternatives and massive pref-
erence information in a parallel manner. This approach employs the
additive piecewise-linear value function as the preference model and
adopts the disaggregation-aggregation paradigm to infer apreference
model from assignment examples on reference alternatives.To fa-
cilitate the parallel implementation of the sorting procedure, a new
convex optimization model is proposed to estimate the parameters of
the preference model. Then, a new parallel algorithm is developed
to solve this optimization model and the MapReduce framework is
utilized to deal with the set of reference alternatives and associated
preference information in a parallel manner in order to accelerate
the computation. Furthermore, the performance of the proposed ap-
proach is investigated on a real-word data set and a series ofgener-
ated data sets consisting of up to 400,000 alternatives. Theresults
show that our approach provides an efficient tool for addressing the
MCS problem with a large set of alternatives and massive preference
information.

1 Introduction

The purpose of multiple criteria decision analysis (MCDA) is to as-
sist a decision maker (DM) in choosing, ranking, or sorting afinite
set of decision alternatives according to multiple evaluation criteria
[54]. The choice problem consists in selecting a subset of alterna-
tives to be judged as the most satisfactory of the whole set. The rank-
ing problem consists in establishing a preference pre-order (either
partial or complete) on the whole set. Finally, the sorting problem
concerns the ordinal classification of alternatives, and consists in as-
signing all alternatives to predefined and preferentially ordered cat-
egories [28]. Greco et al. [22, 23] provided a comprehensivereview
of various MCDA approaches for handling different decisionscenar-
ios, and reported new trends and recent developments from the last
several years.

In this paper, we focus on the MCS problem. The MCS prob-
lem is of major practical interest in many domains, such as global
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investing risk assessment [26], MBA program ranking [6], country
risk evaluation [55], regional competitiveness analysis [21], recom-
mender systems [46], project management [14], water contamina-
tion risk assessment [43], climate classification [44], environmen-
tal impact assessment [1], industrial innovation [52], customer sat-
isfaction analysis [41], credit rating [18, 4], ABC inventory clas-
sification [42], and research unit evaluation [31]. The MCS prob-
lem has attracted significant interest over the past decade,and var-
ious MCS approaches have been proposed in the literature. Accord-
ing to the employed preference model, which reflects the value sys-
tem of the DM, MCS approaches in the literature can be catego-
rized into four types: (1) methods inspired by outranking relations,
such as the ELECTRI Tri-B methods [7, 56, 13, 20], ELECTRI Tri-
C methods [2, 3, 33], ELECTRI-based methods [34, 53, 29] and
PROMETHEE-based methods [49, 8, 29]; (2) methods motivated
by value functions, such as the UTADIS method and its variants
[16, 35, 28, 11, 40] and the MHDIS method [16, 57]; (3) methods
based on the weighted Euclidean distance, such as [9, 10]; and (4)
rule induction-oriented methods, such as the DRSA method and its
extensions [24, 25, 30, 32].

Like the choice and ranking problems, the MCS problem requires
the DM to provide preference information in either a direct or in-
direct manner. In the direct case, the DM is guided by an analyst
to specify precise values for or constraints on the parameters of the
preference model, such as weights, trade-offs, and category profiles.
Such an elicitation process is usually organized through interactive
structured communication sessions between the DM and the analyst,
and thus the success of this approach strongly depends on thewill-
ingness of the DM to actively participate in this process, aswell as
the ability of the analyst to guide the interactive process in order to
address the DM’s cognitive limitations [17]. On the other hand, in
the indirect case the DM provides holistic judgments in the form of
assignment examples, from which compatible values for the parame-
ters of the preference model are induced. Such assignment examples
may either be provided by the DM on a set of real or hypothetical
alternatives, or may come from observations of the DM’s pastde-
cisions, both of which are referred to as reference alternatives [12].
MCS approaches based on indirect preference information are con-
sidered to be more user-friendly than approaches based direct pref-
erence information, because the former requires a simple cognitive
interpretation for the DM in order to express preference information.

Indirect preference information is used in the disaggregation-
aggregation paradigm, which aims to construct a preferencemodel
that is as consistent as possible with the assignment examples pro-
vided by the DM [12]. The inferred preference model is applied to
new decision instances to arrive at an assignment recommendation.
The best-known method in this paradigm is the UTADIS method



[16]. Based on a set of assignment examples, UTADIS aims to es-
timate an additive value function, as well as global value thresholds
delimiting consecutive categories, with the minimum misclassifica-
tion error. The marginal value function on each criterion isassumed
to be piecewise linear, and each criterion range is divided into several
subintervals. The marginal value of each cut-point is estimated using
the linear programming technique, and the marginal value ofeach
criterion performance can then be calculated using a simplelinear
interpolation. The inferred parameters that minimize the sum of the
misclassification errors can be applied to assign a non-reference alter-
native by comparing its global value with the estimated value thresh-
olds. The disaggregation-aggregation paradigm has also been imple-
mented in outranking-based sorting methods [7, 31, 29], distance-
based sorting methods [9, 10], and rule induction-orientedsorting
methods [24, 30]. Indeed, the philosophy underlying the disaggrega-
tionaggregation paradigm is consistent with the posteriorrationality
postulated by March et al. [45], as well as the induction principle
used in artificial intelligence and data mining.

Recent developments in information technology have resulted in
an explosive growth in data gathered from various fields. Ninety per-
cent of the data in the world has been created in the last two years, at
a rate of 2.5 quintillion bytes on a daily basis. This is commonly re-
ferred to as big data4. Retrieving useful information and knowledge
from big data can enable organizations to reach better decisions, in-
cluding deepening customer engagement, optimizing operations, pre-
venting threats and fraud, and capitalizing on new sources of revenue.
An estimated 89 percent of enterprises believe that those who do not
take advantage of big data analytics run the risk of losing a compet-
itive edge in the market5, and thus they are gearing up to leverage
their information assets to gain a competitive advantage. MCS is also
gaining importance in the era of big data, because it can helpfirms,
organizations, and governments to reach better data-driven decisions.
For example, in the field of finance a rating agency can adopt MCS
approaches to evaluate the credit risks of millions of firms,and as-
sign a credit rating to each firm. As another example, in the field
of e-business firms can utilize big data analytics to analyzethe pref-
erences of a large population of consumers, and then apply MCS
approaches to divide a large market into segments in order totailor
different marketing policies for targeted segments.

However, it is challenging for existing MCS methods based on
indirect preference information and the disaggregation-aggregation
paradigm to deal with decision-making problems that contain large
sets of alternatives and massive preference information. In fact, most
MCS methods were originally designed to deal with relatively small
data sets, i.e., for problems with several dozen alternatives, and the
development of computationally efficient algorithms that scale up ef-
ficiently with the number of alternatives is not at the core ofsuch ap-
proaches [12]. More specifically, for MCS methods based on indirect
preference information and the disaggregationaggregation paradigm,
the construction of a preference model from a set of assignment ex-
amples usually involves linear programming (LP) and integer pro-
gramming (IP) formulations. LP models are usually employedto
minimize some predefined norms (L1 or L∞) of real-valued error
variables representing the violations of preference relations. IP for-
mulations are used to minimize the number of disagreements be-
tween the recommendations of the estimated decision model and the
actual evaluation of the reference alternatives by the DM [17, 19].
To the best of our knowledge, all LP and IP formulations in exist-
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ing MCS methods require the data to fit into the main memory. This
requirement stems from the fact that the constraint matrix must be
loaded into the main memory of a computer in order to determine
the optimal solution. Thus, this exceeds the processing capabilities of
existing MCS methods in terms of the memory consumption and/or
computational time when dealing with huge amounts of data. MCS
methods that assume that data can fit into the main memory mustto
be revised or redesigned to adapt them to the new storage and time
requirements.

In this paper, we propose a novel approach based on the MapRe-
duce framework [47], in order to address the MCS problem witha
large set of alternatives and massive preference information. MapRe-
duce is a popular parallel computing paradigm, which is designed to
process large-scale data sets. It divides the original set into subsets,
which can more easily be addressed, and then combines intermediate
solutions to obtain the final outcomes. Such a computing paradigm
allows us to parallelize applications on a computer clusterin a highly
scalable manner, and has been widely employed for social network
analysis [38, 50], e-commerce [36, 37], industrial engineering [39],
and so on.

In the proposed MapReduce-based MCS approach, the preference
information refers to assignment examples on reference alternatives,
which may come from past decision examples, such as historical
credit ratings of firms during a certain period or past customer seg-
mentation. We employ the additive piecewise-linear value function
as the preference model and adopts the disaggregation-aggregation
paradigm to infer a preference model from a large set of assignment
examples. According to the principle of assignment consistency, we
propose a convex optimization model to derive a preference model
that can restore the preference information as consistently as possi-
ble. This optimization model uses the Sigmoid function to measure
the degree of inconsistency when the assignment of any pair of refer-
ence alternativesa∗, b∗ that violates the consistency principle and the
margin to the decision boundary when the assignment ofa∗, b∗ ac-
cords the consistency principle, thus deriving a preference model that
is both consistent and robust. In contrast to traditional MCS methods,
this optimization model avoids using slack variables to specify the
degree of inconsistency for any assignment example, which is espe-
cially suitable for addressing large-scale MCS problems. In order to
solve the optimization model efficiently, we propose a new parallel
algorithm based on the Zoutendijk’s feasible direction method [51]
and the MapReduce framework. The algorithm iteratively searches
for the optimal solution by checking a direction that is bothfeasible
and descent. During the iterative process, the MapReduce framework
is used to accelerate the calculation of the value and the gradient of
current solution in a parallel manner.

The contributions of the proposed approach are threefold, and de-
scribed as follows. First, our work represents the first MCS approach
implemented with the MapReduce framework to address large sets
of alternatives and massive preference information. Although data-
driven decision making has become a popular contemporary sub-
ject, no previous methods can deal efficiently with such an MCS
problem. Our approach displays a high scalability and an ability to
tackle the MCS problem with a large set of alternatives and massive
preference information. Second, we propose a convex optimization
model to derive a preference model, which answers to consistency
and robustness concerns simultaneously. Differently fromtraditional
techniques, this optimization model avoids using slack variables to
specify the degree of inconsistency for any assignment example and
thus contains a relatively small set of variables and linearconstraints,
which is especially suitable for addressing large-scale MCS prob-



lems. Finally, we propose a parallel algorithm to solve the developed
optimization model efficiently. This algorithm does not need to load
the whole data set into the main memory and thus has no specificre-
quirements regarding the processing capabilities of working nodes. It
proceeds by scanning the preference information sequentially, which
is beneficial for the parallel implementation with the MapReduce
framework to accelerate the computation. Moreover, it is robust to
the splitting and combining operations in the MapReduce framework
and the final results are irrelevant for the parallel implementation.

2 Brief introduction to MapReduce

The MapReduce framework was proposed by Google Inc. in 2004.It
is a programming paradigm for processing massive amounts ofdata
in a parallel manner, and allows large data sets to be tackledover
a cluster of computers regardless of the underlying hardware. It is
based on the philosophy that most computing tasks share a similar
structure, i.e., the same computation is performed over a large num-
ber of instances and then intermediate results are aggregated in some
way. As the name suggests, this programming paradigm is built upon
the two functions Map and Reduce, which are inherited from the clas-
sical functional programming paradigm.

The cluster of computers is composed of a master working node
and several slave working nodes. In the Map phase, the masternode
divides the input data set into independent sections and distributes
these to slave nodes. Then, the slave nodes process smaller problems
in a parallel manner and pass answers back to the master node.Fi-
nally, in the Reduce phase the master node receives the answers for
all sub-problems and combines them in such a way that the output is
formed. The users in this paradigm are only required to definewhat
should be computed in the Map and Reduce functions, while thesys-
tem automatically distributes the data processing over a highly dis-
tributed cluster of machines [15].

Both the Map and Reduce functions employ< key, value > pairs
as input and output. The Map phase takes each< key, value > pair
as input and generates a set of intermediate< key, value > pairs as
output. This could be presented as follows:

map(key1, value1)→ list(key2, value2).

Then, the master node merges and groups all the values associated
with the same intermediate key as a list (known as the shuffle phase).
The Reduce phase takes a key and its associated value list as input,
and produces the final value. This could be presented as follows:

reduce(key2, list(value2))→ list(key2, value3).

Figure 1 presents the flowchart of the MapReduce framework.

Figure 1. Flowchart of the MapReduce framework.

3 Proposed approach

3.1 Problem description

The aim of this study is to assign a finite set ofm alternatives
A = {a1, a2, ..., am} to p predefined and preferentially ordered cat-
egoriesC = {C1, C2, ..., Cp}, such thatCh+1 is preferred toCh

(denoted byCh+1 ≻ Ch), h = 1, ..., p − 1. Such a classification
decision is made based on historical preference information that is
provided a priori, which consists of a set of assignment examples on
a finite set of reference alternativesAR = {a∗, b∗, ...}. An assign-
ment example specifies a reference alternativea∗ ∈ AR and its as-
signmentC(a∗) ∈ C . All the alternativesa ∈ A∪AR are evaluated
in terms ofn criteria g1, g2, ..., gn. The performance of alternative
a ∈ A ∪ AR on criteriongj , j ∈ G = {1, ..., n}, is denoted by
gj(a). Without loss of generality, we assume that all criteria have an
increasing direction of preference, i.e., the greater the value ofgj(a),
the stronger the preference is for the alternativea on criteriongj , for
all a ∈ A ∪ AR andj ∈ G.

We shall use an additive value function as the preference model:

U (a) =
n∑

j=1

uj (gj (a)), a ∈ A ∪ A
R
,

whereU (a) is the value of alternativea, and uj (gj (a)), j =
1, ..., n, are marginal value functions for each criterion. Additive
value functions are the most common preference model in MCDA
due to their intuitive interpretation and relatively easy computation,
despite the underlying assumption on the preferential independence
of criteria and the compensation between criteria [27].
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Figure 2. Piecewise-linear form of marginal value function.

In this paper, the marginal value functionuj (gj (a)), j = 1, ..., n,
is estimated by a piecewise-linear function (see Figure 2).Let
Xj = [αj , βj ] denote the evaluation scale of criteriongj , such
that αj and βj are the worst and best evaluation, respectively. In
defining the piecewise-linear form of the marginal value function
uj (gj (a)),Xj = [αj , βj ] is divided intoγj > 1 equal sub-intervals
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According to (1), the piecewise-linear value functionuj(gj(a)) is
completely defined by the marginal values at characteristicpoints,
i.e.,uj(x

0
j) = uj(αj), uj(x

1
j), ..., uj(x

γj
j ) = uj(βj). The use of

piecewise-linear value functions is appropriate for wide application
because any non-linear value function can be approximated given a
sufficient number of characteristic points.

In particular, a new variable∆ut
j is introduced to represent the

difference between marginal values at two consecutive characteristic
pointsxt

j andxt−1
j :

∆u
t
j = uj(x

t
j)− uj(x

t−1
j ), t = 1, ..., γj .

Therefore, the marginal valueuj(gj(a)) can be expressed as
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Definition 1. ([40]) The characteristic vectorV(a) ∈ R
γ of alter-

nativea is defined as a column vector whose entries are the co-
efficients of variables∆ut

j in marginal valuesuj(gj(a)) on each

criteriongj , j = 1, ..., n, whereγ =
n∑

j=1
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With the definition of characteristic vectorV(a), the value of al-
ternativea can be formulated as

U(a) = u
T
V(a),

whereu =
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To normalize the value of alternativea such thatU(a) ∈ [0, 1], we
can set {

u
T
e = 1,

u > 0,

wheree is a column vector whose entries are all equal to 1. In this
case, the trade-off weights for each criteriongj can be retrieved as
wj = uj (βj), j = 1, ..., n.

3.2 Model for estimating value function

The value of any alternative serves as an index used to decideits
assignment. In this paper, let us consider the following consistency
principle for assignment.

Definition 2. For any pair of alternativesa andb, a given value func-
tion U (·) is said to be consistent with the assignment ofa andb
(denoted byC(a) andC(b), respectively, andC(a), C(b) ∈ C),
if and only if

U (a) > U (b)⇒ C (a) % C (b) , (2)

U (a) 6 U (b)⇒ C (a) - C (b) , (3)

where% and- means “as least as good as” and “as most as good
as”, respectively. Observe that (2) and (3) are equivalent to

C (a) ≺ C (b)⇒ u
T (V (a)−V (b)) < 0, (4)

C (a) ≻ C (b)⇒ u
T (V (a)−V (b)) > 0, (5)

sinceU(a) = u
T
V(a) andU(b) = u

T
V(b).

For many MCS problems, we cannot find a consistent value func-
tion given a set of reference alternatives because of some inconsistent
assignment examples. In this case, traditional methods based on the
disaggregation-aggregation paradigm introduce a set of slack vari-
ables, which would specify how much inconsistency there is for any
pair of reference alternatives that violate the above consistency prin-
ciple, and then minimize the sum of all the slack variables bysolv-
ing a LP model to derive a value function that is as consistentwith
the preference information as possible. However, considering that a
large-scale problem contains a huge number of reference alternatives,
the number of linear constraints and that of terms in the objective of
the LP model will be quite large, which exceeds the processing capa-
bilities of most LP solvers. In this paper, differently fromtraditional
methods, we propose a new model to estimate an additive valuefunc-
tion as follows.

First, let us introduce a set of variablest (a∗, b∗) for any pair of
reference alternativesa* , b* ∈ AR such thatC (a∗) 6= C (b∗), which
are defined as

t (a∗
, b

∗) =

{

1, if C (a∗) ≻ C (b∗) ,

0, if C (a∗) ≺ C (b∗) .

According to the above consistency principle for assignment, we aim
to find a vectoru such that, for any pair of reference alternatives
a* , b* ∈ AR with C (a∗) 6= C (b∗), we have

u
T (V (a∗)−V (b∗))







> 0, if t
(

a
*
, b

*
)

= 1,

< 0, if t
(

a
*
, b

*
)

= 0.
(6)

Then, instead of using slack variables, we can use the following
Sigmoid functiony (·) to measure how much inconsistency there is
for any pair of reference alternativesa* , b* ∈ AR that violate the
consistency principle

y
(

a
*
, b

*
)

=
1

1 + e−uT(V(a∗)−V(b∗))
. (7)

Note that the Sigmoid functiony (·) is monotone, increasing, and
bounded within the interval(0, 1) and we have

• 0.5 < y
(
a* , b*

)
< 1 whenuT (V (a∗)−V (b∗)) > 0,



• y
(
a* , b*

)
= 0.5 whenuT (V (a∗)−V (b∗)) = 0,

• 0 < y
(
a* , b*

)
< 0.5 whenuT (V (a∗)−V (b∗)) < 0.

We hope to minimize the difference betweeny
(
a* , b*

)
and

t
(
a* , b*

)
in order to deriveu that is as consistent with the assignment

of a∗, b∗ as possible. Specifically, for the case thatt
(
a* , b*

)
= 1, if

u
T (V (a∗)−V (b∗)) < 0, then the inconsistency occurs and the

difference betweeny
(
a* , b*

)
and t

(
a* , b*

)
is greater than 0.5 be-

cause0 < y
(
a* , b*

)
< 0.5; if u

T (V (a∗)−V (b∗)) > 0, then
there is no inconsistency and the difference betweeny

(
a* , b*

)
and

t
(
a* , b*

)
is smaller than 0.5 because0.5 < y

(
a* , b*

)
< 1. The

case thatt
(
a* , b*

)
= 1 can be analyzed analogously. Minimizing the

difference betweeny
(
a* , b*

)
andt

(
a* , b*

)
will not only minimize

the degree of inconsistency when the assignment ofa∗, b∗ violates
the consistency principle, but also maximize the margin to the deci-
sion boundary when the assignment ofa∗, b∗ accords the consistency
principle. Therefore, we can consider the following non-linear opti-
mization model to derive a value function that is as both consistent
and robust as possible.

max
∏

a∗,b∗∈AR with C(a∗) 6=C(b∗)

[
1

1 + e−uT(V(a∗)−V(b∗))

]t(a∗,b∗)

·

[

1−
1

1 + e−uT(V(a∗)−V(b∗))

]1−t(a∗,b∗)

(8)

s.t. u
T
e = 1, u > 0. (9)

Note that the objective (8) is in the multiplicative form, rather than
the additive form, because the former avoids the compensation be-
tween different terms in the objective, which is especiallyuseful
when the number of pairs of reference alternatives is large.The objec-
tive (8) has been used in the logistic regression, a machine learning
model for binary classification in the probabilistic framework [48].

3.3 Algorithm based on the MapReduce
framework

In order to solve the non-linear optimization model (8)-(9)for a large-
scale problem efficiently, we propose a new parallel algorithm based
on the Zoutendijk’s feasible direction method [51] and the MapRe-
duce framework. By taking the logarithm of (8), the non-linear opti-
mization problem (8)-(9) can be organized as follows

max
∑

a∗,b∗∈AR with C(a∗) 6=C(b∗)

[

t (a∗
, b

∗) ln
1

1 + e−uT(V(a∗)−V(b∗))

+(1− t (a∗
, b

∗)) ln
e−u

T(V(a∗)−V(b∗))

1 + e−uT(V(a∗)−V(b∗))

]

(10)

s.t.uT
e = 1, u > 0. (11)

Then, the model (10)-(11) can be reformulated as follows

min f (u) =
∑

a∗,b∗∈AR with C(a∗) 6=C(b∗)

[−t (a∗
, b

∗)

·uT (V (a∗)−V (b∗)) + ln
(

1 + e
u

T(V(a∗)−V(b∗))
)]

(12)

s.t.uT
e = 1, u > 0. (13)

Note that the model (12)-(13) is a convex optimization problem be-
cause the objective (12) is convex [48].

Definition 3. [5]. Let û be a feasible solution of the model (12)-(13).
A vectord ∈ R

γ is said to be a feasible direction atû, if there
exists a positive numberδ such that̂u+ λd is a feasible solution
for any scalarλ ∈ (0, δ).

Proposition 1. Let û =
(
∆û1

1, ...,∆û
γ1
1 , ...,∆û1

n, ...,∆ûγn
n

)T
be

a feasible solution of the model (12)-(13), and

Ω =
{
(s, j) | ∆û

s
j = 0, s = 1, ..., γj , j = 1, ..., n

}
,

and

Ω̄ =
{
(s, j) | ∆û

s
j > 0, s = 1, ..., γj , j = 1, ..., n

}
.

A vectord =
(
d11, ..., d

γ1
1 , ..., d1n, ..., d

γn
n

)T
is a feasible direction

at û, if and only if dsj > 0, (s, j) ∈ Ω anddT
e = 0.

Proof. On the one hand, suppose thatd is a feasible direction. Ac-
cording to the definition of feasible direction, there exists a positive
scalarλ for whichû+λd is a feasible solution, i.e.,(û+ λd)T

e = 1
andû+λd > 0. Becausêu is a feasible solution, we havêuT

e = 1,
and∆ûs

j = 0 for (s, j) ∈ Ω, and∆ûs
j > 0 for (s, j) ∈ Ω̄. There-

fore, we havedT
e = 0 and dsj > 0, (s, j) ∈ Ω. On the other

hand, assume thatdsj > 0, (s, j) ∈ Ω andd
T
e = 0. Because

∆ûs
j > 0 for (s, j) ∈ Ω̄, there exists a positive numberδ such that

∆ûs
j + λdsj > 0, (s, j) ∈ Ω̄ for any scalarλ ∈ (0, δ). Moreover, as

∆ûs
j = 0 for (s, j) ∈ Ω, we have∆ûs

j + λdsj = 0 for (s, j) ∈ Ω.
Thus, û + λd > 0. Additionally, sincedT

e = 0 and û
T
e = 1,

it must be that(û+ λd)T
e = 1. Therefore,̂u + λd is a feasible

solution andd is a feasible direction.

Definition 4. [51]. Let û be a feasible solution of the model (12)-
(13). A vectord ∈ R

γ is said to be a descent direction atû, if
there exists a positive numberδ such thatf (û+ λd) < f (û) for
any scalarλ ∈ (0, δ).

The Zoutendijk’s feasible direction method iteratively searches for
a directiond that is both feasible and descent given a current feasible
solutionû. According to Definition 3.3 and Proposition 3.3, search-
ing for such a directionu can be addressed by solving the following
LP model

min h (d) = ∇f(û)T
d (14)

s.t.dsj > 0, (s, j) ∈ Ω, (15)

d
T
e = 0, (16)

∣
∣d

s
j

∣
∣ 6 1, (s, j) ∈ Ω ∪ Ω̄, (17)

where (17) guarantees to derive a bounded solution. Obviously, d =
0 is a feasible solution of the LP model (14)-(17). Thus,h (d) at the
optimum must be not greater than zero. Ifh (d) < 0 at the optimum,
thend is a direction that is both feasible and descent; otherwise,û

is the global optimal solution of the model (12)-(13) which is proved
by the following proposition.

Proposition 2. Let û =
(
∆û1

1, ...,∆û
γ1
1 , ...,∆û1

n, ...,∆ûγn
n

)T
be

a feasible solution of the model (12)-(13), and

Ω =
{
(s, j) | ∆û

s
j = 0, s = 1, ..., γj , j = 1, ..., n

}
,



and

Ω̄ =
{
(s, j) | ∆û

s
j > 0, s = 1, ..., γj , j = 1, ..., n

}
.

Then,û is the global optimal solution of the model (12)-(13), if
and only if, for the LP model (14)-(17), the objectiveh (d) at the
optimum is equal to zero.

Proof. For the model (12)-(13), according to the Karush–Kuhn–
Tucker conditions [51],̂u is a local optimal solution, if and only if
there existθsj > 0, (s, j) ∈ Ω andρ such that∂f(û)

∂us
j
− θsj − ρ =

0, (s, j) ∈ Ω and ∂f(û)
∂us

j
− ρ = 0, (s, j) ∈ Ω̄. Let ρ = µ − τ and

µ, τ > 0. Then, we have

(−1,−1, 1)T (
θ
s
j , µ, τ

)
= −

∂f (û)

∂us
j

, (s, j) ∈ Ω, (18)

(0,−1, 1)T (
θ
s
j , µ, τ

)
= −

∂f (û)

∂us
j

, (s, j) ∈ Ω̄, (19)

(
θ
s
j , µ, τ

)
> 0. (20)

According to the Farkas’ lemma [5], (18)-(20) is feasible ifand only
if −dsj 6 0, (s, j) ∈ Ω, −dT

e = 0, dT
e = 0 and−∇f(û)T

d > 0

is infeasible. Then,∇f(û)T
d < 0, dsj > 0, (s, j) ∈ Ω anddT

e = 0
is infeasible. Thus,̂u is a local optimal solution of the model (12)-
(13), if and only if, for the LP model (14)-(17), the objectiveh (d) at
the optimum is equal to zero. Considering that the model (12)-(13) is
a convex optimization problem,̂u is the global optimal solution.

With the current feasible solution û =
(
∆û1

1, ...,∆û
γ1
1 , ...,∆û1

n, ...,∆ûγn
n

)T
and the obtained direc-

tion d =
(
d11, ..., d

γ1
1 , ..., d1n, ..., d

γn
n

)T
that is both feasible and

descent, the Zoutendijk’s feasible direction method proceeds to the
next iteration according to the following equation

û
′ = û+ λd, (21)

whereû′ is the feasible solution for the next iteration. Let us consider
to determineλ for (21) which should guarantee that (1)û+λd is fea-
sible, and (2) the objectivef (û+ λd) of the model (12)-(13) should
decrease as quickly as possible. This can be achieved by solving the
following optimization problem

min f (û+ λd) (22)

s.t.(û+ λd)T
e = 1, (23)

û+ λd > 0, (24)

λ > 0. (25)

Proposition 3. The model (22)-(25) is equivalent to the following
optimization problem

min f (û+ λd) (26)

s.t.0 6 λ 6 λmax, (27)

whereλmax =

{

min
{

−
dsj

∆ûs
j

∣
∣
∣ d

s
j < 0, (s, j) ∈ Ω̄

}

, d 6> 0,

∞, d > 0.

Proof. Sinceû is a feasible solution andd is a feasible direction,
we haveûT

e = 1 and d
T
e = 0. Thus, Constraint (23) can be

eliminated. Moreover, considering that̂u > 0 and dsj > 0 for
(s, j) ∈ Ω and λ > 0, we have∆ûs

j + λdsj > 0 for (s, j) ∈
Ω. Thus, Constraint (24) can be reduced to∆ûs

j + λdsj > 0

for (s, j) ∈ Ω̄. Then, we can derive the upper bound forλ as

λmax =

{

min
{

−
dsj

∆ûs
j

∣
∣
∣ d

s
j < 0, (s, j) ∈ Ω̄

}

, d 6> 0,

∞, d > 0.
There-

fore, the model (22)-(25) can be transformed to the model (26)-(27)
equivalently.

Since the model (26)-(27) contains only one variableλ, we can use
the golden section method [51] to address the optimization problem.

Based on the above analysis, we propose an algorithm to imple-
ment the Zoutendijk’s feasible direction method based on the MapRe-
duce framework for a large-scale problem. Considering thatthe num-
ber of reference alternatives in a large-scale problem is reasonably
large, the objective (12) is composed of a huge number of terms (i.e.,

−t
(
a* , b*

)
u

T (V (a∗)−V (b∗)) + ln
(

1 + eu
T(V(a∗)−V(b∗))

)

,

a∗, b∗ ∈ AR). This inspires us to utilize the MapReduce framework
to accelerate the computation ofu and∇f (u) for the Zoutendijk’s
feasible direction method. Algorithm 1 describes the wholeprocess.

Algorithm 1 The Zoutendijk’s feasible direction method based on
the MapReduce framework.
Input:

Initial feasible solution̂u = (1/γ, ..., 1/γ)T.
1: DetermineΩ andΩ̄ according to the current feasible solutionû.
2: Calculate∇f (û) using the MapReduce framework (see Algo-

rithm (2)-(3)).
3: Solve the LP model (14)-(17) and obtain the optimal solution

d
∗.

4: if ∇f(û)T
d
∗ = 0 then

5: Stop and̂u is the global optimal solution.
6: else
7: Use Algorithm (4) to solve the model (26)-(27) and obtain the

optimal solutionλ∗.
8: Updateû← û+ λ∗

d
∗.

9: Go to step 1.
10: end if
Output:

The optimal solution̂u.

Algorithm 2 Calculate∇f (û): Map phase.

Input:
〈key, value〉 wherekey is the index of subset andvalue is the
subset of pairs of reference alternatives(a∗, b∗) ∈ AR × AR

such thatC (a∗) 6= C (b∗).
1: ρ← 0.
2: for any pair of reference alternatives(a∗, b∗) in this subsetdo

3: ρ← ρ+

[

−t (a∗, b∗) + eû
T(V(a∗)−V(b∗))

1+eû
T(V(a∗)−V(b∗))

]

(V(a∗)−V(b∗)).

4: end for
Output:
〈key = û, value = ρ〉.

With the optimal solution̂u, we can calculate global valuesU (a)
for each alternativea ∈ A ∪ AR. Then, in order to determine the
assignment for each alternativea ∈ A, we can calculate the fol-
lowing consistency degree for quantifying the assignmenta→ Cs,
s = 1, ..., p, and chooseCs∗ with the maximumS (a→ Cs∗) as the

3 Note that the implementation of calculationf (û+ λ1d
∗) and

f (û+ λ2d
∗) based on the MapReduce framework is similar to Algorithm

(2)-(3), and we do not present the algorithm here to save space.



Algorithm 3 Calculate∇f (û): Reduce phase.

Input:
〈key = û, value = list (ρ)〉.

1: δ ← 0.
2: for anyρ in list (ρ) do
3: δ ← δ + ρ.
4: end for

Output:
〈key = û, value = δ〉 whereδ is equal to∇f (û).

Algorithm 4 The golden section method for the model (26)-(27).
Input:

λmax and stopping toleranceε.
1: a ← 0, b ← λmax, λ1 ← a + 0.382 (b− a), λ2 ← a +

0.618 (b− a).
2: if b− a < ε then
3: Stop andλ∗ ← (a+ b)/2 is the optimal solution.
4: else
5: Calculate f (û+ λ1d

∗) and f (û+ λ2d
∗) based on the

MapReduce framework3.
6: if f (û+ λ1d

∗) > f (û+ λ2d
∗) then

7: a← λ1, λ1 ← λ2, λ2 ← a+0.618 (b− a) and go to step
2.

8: else
9: b← λ2, λ2 ← λ1, λ1 ← a+ 0.382 (b− a) and go to step

2.
10: end if
11: end if
Output:

The optimal solutionλ∗.

final assignment of alternativea:

S (a→ Cs) =
1

∣
∣AR

1 ∪ ... ∪AR
s−1 ∪AR

s+1 ∪ ... ∪AR
p

∣
∣

·
(∣
∣
∣

{

a
∗ ∈ A

R
1 ∪ ... ∪A

R
s−1|U (a) > U (a∗)

}∣
∣
∣+

∣
∣
∣

{

a
∗ ∈ A

R
s+1 ∪ ... ∪A

R
p |U (a) < U (a∗)

}∣
∣
∣

)

REFERENCES
[1] Francesca Abastante, Marta Bottero, Salvatore Greco, and Isabella

Lami, ‘Addressing the location of undesirable facilities through the
dominance-based rough set approach’,Journal of Multi-Criteria De-
cision Analysis, 21(1-2), 3–23, (2014).
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Słowiński, and Constantin Zopounidis, ‘Multiple criteria hierarchy pro-
cess for sorting problems based on ordinal regression with additive
value functions’,Annals of Operations Research, 251(1-2), 117–139,
(2017).

[12] Salvatore Corrente, Salvatore Greco, Miłosz Kadziński, and Roman
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