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1 Introduction

In many applications of decision analysis, alternatives and
their performance levels in different attributes are known,
but the subjective evaluation of performance remains vague.
In utility-based methods, the subjective evaluation of per-
formance levels is usually represented by a marginal utility
function defined for each attribute.

One popular method to deal with such vague and incom-
plete information about preferences is the Stochastic Multi-
attribute Acceptability Analysis (SMAA) originally develo-
ped by Lahdelma et al. [2]. SMAA has evolved into a widely
popular method to deal with incomplete information on pre-
ferences [4]. It uses Monte-Carlo methods to sample from a
space of possible preference parameters, and uses the output
of the decision model for these parameters to derive stochastic
information about rankings of alternatives and preference re-
lations. From this stochastic information, crisp rankings can
be obtained by a variety of methods [6]. The SMAA approach
can also be fruitfully combined with preference learning [1].

Originally, incomplete information on preferences conside-
red in SMAA referred to uncertainty about attribute weights.
For this problem, specific methods were developed such as
the hit-and-run method, that allows for an efficient sampling
of weight vectors in a restricted search space [5]. Later on,
SMAA was extended to situations in which performance le-
vels of alternatives are only available in the form of rankings
[3] and when performance levels are known, but the associ-
ated utility values are not [1]. In this work, we address the
latter case. We develop methods to randomly generate (mar-
ginal) utility functions for a set of given performance levels in
each attribute. We consider that the utility functions should
be monotonically increasing (but the methods can be easily
adapted to the case of decreasing functions). Typically, these
performance levels will correspond to the performance levels
of existing alternatives in each attribute. While there are spe-
cific methods like hit-and-run for generating random weights,
the problem of generating utility values has received less at-
tention in literature.

Although it has received less attention in literature, this
problem is not trivial. A straightforward approach of rand-
omly generating arbitrary values, sorting them and utilizing
them as utility scores of the corresponding performance levels
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can cause a bias in the shape of the resulting utility function
if the distribution of performance levels is skewed. Consider
the case that the distribution of performance levels of alter-
natives is skewed to the right. This is quite likely. If decision
makers seek for or generate alternatives, they will try to find
alternatives which offer good performance in a majority of at-
tributes (and possibly weak performance in the remaining few
attributes). Thus the total set of performance levels will con-
tain more good than weak levels in each attribute. If utility
values are drawn from a uniform distribution, the expected
difference between successive utility levels is equal, while the
expected difference between performance levels decreases for
higher performance levels. Taken together, these two effects
imply that the slope of the generated utility function increa-
ses in performance, i.e. the generated utility function has on
average a convex shape.
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Figure 1. Utility functions generated by straightforward
approach

This effect is illustrated in Figure 1. Here we created 30 uti-
lity functions by assigning random values to 10 performance
levels (shown as dots) drawn from a right-skewed distribu-
tion. To generate such a skewed distribution, performance
levels were drawn from a density function that increases li-



nearly from zero to two in the (0, 1) interval. Obviously, most
of the generated utility functions are biased towards a convex
shape.

The bias illustrated in Figure 1 would not occur if all the
performance levels were equally spaced, as is often assumed
when piece-wise utility functions are used as approximations.
However, Figure 1 suggests another concern, which is also
present even when all the performance levels are equally spa-
ced: the utility functions generated do not appear to be very
different, i.e. variability is low (this becomes worrisome if we
generate utility values for more than a just a few different
performance levels).

2 A bisection method
If a utility function is approximated by only three points (uti-
lity values at the endpoints of its domain and in the mid of the
domain), the utility value of the midpoint determines whether
the utility function is concave or convex. The function is con-
cave if the utility of the midpoint is larger than the average
of the utility values of the endpoints, and convex otherwise.
The same argument can be applied to any interval within the
domain of the utility function. We therefore propose to ge-
nerate utility values by successively considering smaller and
smaller intervals in the domain, starting with a split of the
entire domain, then considering the upper and lower part of
the domain and so on, until the desired level of resolution is
reached. This approach is related to the bisection method of
finding zeros of functions, so we label it the bisection approach
for generating utility values.

In the problems we consider, utility values must be assigned
not to arbitrary performance levels, but to the given perfor-
mance levels of existing alternatives. Thus, the domain (or
the current sub-interval of the domain) must be split at some
predefined performance level rather than the middle of the
interval. In general, the algorithm can be described by the
following recursive procedure:

procedure UtilityBisection(xlo, xup, u(xlo), u(xup))
if a performance level exists in ]xlo, xup[ then

xm ← SplitPoint(xlo, xup)
u(xm)← AssignUtility(xm, xlo, xup, u(xlo), u(xup))
UtilityBisection(xlo, xm, u(xlo), u(xm)))
UtilityBisection(xm, xup, u(xm), u(xup))

end if
end procedure
Procedure UtilityBisection takes as arguments the up-

per and lower bounds of an interval for which a utility function
is to be generated (xlo and xup), and their utility values
(u(xlo) and u(xup)). It splits the interval at some point, gene-
rates a utility value for that point, and then is applied recur-
sively to the upper and lower part of the interval, until utility
values are assigned to all performance levels.

Procedure SplitPoint determines a performance level at
which the interval is split. Several rules for this choice are
possible:

1. The performance level which is closest to (xlo + xup)/2;
2. The median of performance levels between xlo and xup;
3. A randomly chosen performance level between xlo and xup;
4. A randomly chosen performance level, where the probabi-

lity of selecting a performance level is proportional to its

average distance to neighboring performance levels.

The idea of the last method is to give priority to performance
levels in regions where the density of performance levels is low,
thus counteracting the increase in the slope of utility functions
in regions where performance levels are densely distributed.

Procedure AssignUtility randomly generates the utility
value that is assigned to xm, i.e., it selects a random y-value
for each given x-value, in a way that keeps the function mono-
tonic. The most straightforward approach is to generate a uni-
formly distributed random value between u(xlo) and u(xup).
However, if xm is not located exactly at (xlo + xup)/2, this
approach might again introduce a bias in the utility function.
To counteract this bias, utility values can be assigned so that
convex and concave utility functions occur with equal proba-
bility. Let

z = u(xlo)
xup − xm

xup − xlo
+ u(xup)

xm − xlo

xup − xlo
(1)

be the utility value of xm corresponding to a linear utility
function, and r a random number uniformly distributed in
(0, 1). Then the utility value of xm is generated as

u(xm) =

{
2ru(xlo) + (1− 2r)z if r < 0.5
(2r − 1)z + (2− 2r)u(xup) if r ≥ 0.5

(2)

Figure 2 shows the 30 utility functions generated by the
bisection method for the same performance levels as in Fi-
gure 1. For this example, we used the proportional random
method (method 4 in the list above) for selecting a splitting
point, and applied the correction (2). Now, the random utility
functions are quite diverse and no strong bias towards con-
vexity appears to be present: there are convex functions, but
also concave functions, as well as functions that are neither
convex or concave (the presentation will discuss that it is pos-
sible to introduce a concavity or convexity constraint, if this
is sought).
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Figure 2. Utility functions generated by the bisection method



3 Evaluation criteria
Our aim is to generate utility functions which are not biased
neither to a concave nor to a convex shape, and that are as
diverse as possible to cover the entire universe of possible (mo-
notonic) utility functions. We tested the approaches outlined
in Section 2 in a computational study, where we compared
them using the following criteria.

Consider a utility function defined on the domain (xlo, xup).
Any point in the rectangle between the points (xlo, u(xlo)),
(xlo, u(xup)), (xup, u(xup)), and (xup, u(xlo)) can be a point
on a utility function. Denote by A = (xup − xlo)(u(xup) −
u(xlo)) the area of that rectangle. The algorithm generates
utility values for n + 1 attribute values xi, i ∈ {0, 1, ...n},
where x0 = xlo and xn = xup. We write umin(xi) for the lowest
utility value assigned to performance level xi, umax(xi) is cor-
responding highest utility value by, and ∆(xi) = umax(xi) −
umin(xi) the difference of these two values. We then define

Coverage =
1

2A

n∑
i=1

(xi − xi−1) (∆(xi) + ∆(xi−1)) (3)

i.e., Coverage measures how much of the possible area contai-
ning utility points is actually covered by all the utility functi-
ons generated in an experiment. In the two examples shown
above, the utility functions generated by the straightforward
approach in Figure 1 achieve a coverage of 39.8%, while the
bisection approach achieves a coverage of 79.5% and thus a
good sampling of the entire area.

We use two measures for avoidance of bias for convex or
concave utilities:

1. The absolute difference in the number of points above and
below the straight line connecting u(xlo) and u(xup). The
larger this difference, the more the method is biased to
either convex or concave functions.

2. The average area below each of the generated utility functi-
ons. If utility functions are well balanced between convex
and concave shapes, this area on average should be A/2.

The absolute difference for the example shown in Figure 1 is
59.2% of all points, while for the example in Figure 2 it is only
3.3%. The average area under the utility function is 32.1%
and 51.4% of the total area. Both measures thus clearly show
that the utility functions generated by the bisection method
exhibit a much better balance between convex and concave
functions, as is also clearly visible when comparing Figures 1
and 2.

4 Outlook
We performed extensive simulations of the methods outlined
in Section 2. Since our main aim is to avoid a bias in utility
functions caused by a skewed distribution of performance le-
vels, performance levels in the simulations were drawn from
a distribution with linearly increasing density in the interval
(0, 1).

Detailed results of this simulation will be presented at the
conference. The main results indicate that the bisection met-
hod in general is able to avoid a bias towards a specific shape
of generated utility functions even for strongly skewed perfor-
mance levels. In particular, methods that select split points

randomly (with probability proportional to their distance),
and that use equation (2) to correct for the split-point not
being located at the center of the interval, offer both a good
coverage (with coverage levels in the range of 95% and above
for problems with 100 performance levels) and good balance
between convex and concave utilities. Methods that split at
the median, or at points near the mean, perform less well, but
are still much better than direct assignment of utility values
both in terms of coverage and in avoiding bias.
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